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0 Introduction

Homological algebra is sometimes referred to as abstract nonsense. Though it is
abstract, it is by no means nonsensical. It can however be challenging to explain
what the subject is about in simple terms. In the following, we introduce two of the
main players in homological algebra, chain complexes and resolutions, and motivate
why one may choose to study these.



Definition 0.1. A chain complex of abelian groups A, consists of a sequence of
abelian groups (A, )nez and group homomorphisms d,,: A, — A,_1, n € Z, called
the differentials, satisfying that d,_; o d,, = 0 for all n € Z.

We can depict a chain complex A, as follows:

dn dne
e Ay A = Ay —

We will often write d for d,,. We will also consider partially defined chain com-
plexes, such as chain complexes defined only in positive degrees.

Definition 0.2. Let A, be a chain complex of abelian groups.

(1) The n-th cycles of A, are
Zn(A,) = ker(d,) .

(2) The n-th boundaries are
B, (A,) =1Im(d,41) .

Remark 0.3. Since d? = 0, there are inclusions B,(4,) C Z,(A.) C A,.
Definition 0.4. Let A, be a chain complex.
(1) The n-th homology of A, is defined as
Hy(A,) = Zn(As)/ Ba(As) = ker(dy)/ Tm(dn 1)
(2) A, is called exact at position n € Z if B,(A,) = Z,(A.), or equivalently
H,(A.) ~0.

Definition 0.5. A morphism between chain complexes f,: A, — B,, also called
a chain map, consists of a sequence of morphisms of abelian groups f,: A, — B,,
n € Z, satisfying that d o f,, = f,_1 od for all n € Z.

We can depict chain maps as follows:

An d An,1 L An,2 _ ...

J{fn J{fnfl J{f'rLfZ

d d
B, B, 1 —— B, — ...

Remark 0.6. A chain map f.: A, — B, induces a morphism H,(f.): H,(A.) —
H,(B,) on homology.

Later in the course, we will also consider chain complexes of vector spaces, R-
modules, sheaves, or with values in any other abelian category. Such chain complexes
naturally arise in many areas of mathematics, such as algebra, topology, algebraic
geometry or symplectic topology. We illustrate this for simplicial complexes arising
in topology below. The homology groups of chain complexes can contain interesting
information. This can be used for instance to construct invariants, allowing to
distinguish mathematical objects.



Example: simplicial homology

Definition 0.7. An ordered combinatorial (or abstract) simplicial complex consists
of a collection of non-empty subsets K of a finite vertex set V. = {vy,...,on},
satisfying that it 7 C 0 C V and 0 € K, then also 7 € K.

A subset o € K of V with n+1 elements is called an n-simplex of K. We denote
the set of n-simplicies of K by K,,. Note that K = U;>¢ K;.

Remark 0.8. Any combinatorial simplicial complex gives rise to a triangulated
polyhedron whose faces of the triangulation are in bijection with the simplices.

Example 0.9. The 2-sphere S? is homeomorphic to the following triangulated poly-
hedron:

U3

U1 €1 V2

The corresponding combinatorial simplicial complex K is given by

Ko ={vy,..., 04}
Ky ={e,... e}
Ky ={F,...,F}
K;=10, fori>3,

where Fy, ..., Fy are the four faces (one lying at the back).

For instance, the face F; € K, is given by the set {vy, v, v3} and the edge e; € K,
is given by {v;,v9}. The notation for the O-simplicies is slightly abusive, as we do
not distinguish between v; and {v;}.

Note that an n-simplex o € K, is given by an ordered set
0 = {Vig, Viy, -+, Vi, }
with 1 <15 <iy < -+ <1, <N. For 0 < j <n, we define the j-th face of o as
0j(0) = o\{vi, } = {vig, - V5,1, Vijyrs - Vi } € Koy

Definition 0.10. Let K be a directed combinatorial simplicial complex. We define
C.(K) as the following chain complex:



e We set
On<K) — Z@Kn

for all n > 0. We can thus consider each n-simplex o € K, as an element
o € Cyu(k), and any element of C,(K) can be written as a Z-linear sum of
these.

¢ The differential
d: Cp,(K) — Cp1(K)

is the unique morphism of abelian groups satisfying

dlo)= ) (-1Y0;(0).

0<j<n

The i-th simplicial homology of K is defined as

Remark 0.11. The terminology for cycles and boundaries in chain complexes can
be motivated through the above definition. For instance, for K the combinatorial
simplicial complex from Example 0.9, the boundary of the face Fj is given by d(F;) =
Oo(F1) — O1(F1) + 0o(Fy) = e3 — e3 + e;. Each boundary is also a cycle, and indeed
es — e3 + e1 is geometrically a cycle.

Exercise 0.12. Let K be the combinatorial simplicial complex from Example 0.9.
Then
Z 1=0,2

0 else.

In general, the +-th homology of a combinatorial simplicial complex can be loosely
thought of as a count of +-dimensional holes of the corresponding topological space.

Resolutions and Ext!

A chain complex is called exact if it is exact in every position. Exact chain com-
plexes are sometimes also referred to as exact sequences.

Short exact sequences

Example 0.13. A 3-term chain complex A, consists of a chain complex with non-
zero entries concentrated in degrees 2,1, 0:

s 0sALBLC S0

We have By(A.) =Im(0 — A) = 0 and thus Hy(A,) = Z3(A.) = ker(f). Therefore,
it is exact in position 2 if and only if f is injective, i.e. an inclusion of abelian groups.



Similarly, we have C' = Zy(A.) = ker(C — 0) and thus Hy(A.) = C/Im(g).
Thus, it is exact in position 0 if g is surjective.

Suppose the 3-term chain complex is exact in positions 2 and 0. We claim
that A, is exact in position 1 if and only if the arising morphism B/A — C' is an
isomorphism of abelian groups.

We first note that Im(f) = By(A,) ~ A since f is injective.

—: If B/A — C is an isomorphism, then by the commutativity of the diagram

A7 I .

N

B/A

we find that ker(g) ~ A, and thus Im(f) = ker(g).

<= : Suppose that ker(g) = Im(f) ~ A. Since g: B — C' is surjective, it is
a quotient morphism, meaning that the induced morphism B/ker(¢g) — C' is an
isomorphism. We thus have

C ~ B/ker(g) = B/Im(g) ~ B/A.

Definition 0.14. A short exact sequence of abelian groups consists of an exact
3-term chain complex

0=A—-B—-C-—=0.

In the case, we also call B an extension of C' and A.
Example 0.15. For any n > 1, the sequence

0—=2Z57Z—»7Z/nZ—0
is short exact.

Resolutions

Definition 0.16. Let M be an abelian group. A left resolution of M consists of
a chain complex A, in positive degrees together with a morphism e: Ay — M,
satisfying that the augmented chain complex

is exact. The morphism ¢ is also called the augmentation map. If it exists, the
minimal number n > 0 with Ay ~ 0 for all N > n is called the length of the
resolution.

Definition 0.17. Let M be an abelian group. A free resolution of M consists of a
resolution A, of M, such that A, is a free abelian group (i.e. equivalent to Z®! for
some set I) for all n > 0.



Example 0.18. The chain complex --- — 0 — Z - Z is a free resolution of Z/nZ
of length 2.

Exercise 0.19. Every finitely generated abelian group admits a free resolution of
length 2.

Remark 0.20. If A, is a resolution of an abelian group M, then

M n=0

H,(A,) ~
(4.) {0 nezZ,n#0.

Given two abelian groups A, B, we denote by Homyy, (A, B) the abelian group of
group homomorphisms from A to B.

Exercise 0.21. Let 0 - A —+ B — C — 0 be a short exact sequence of abelian
groups. Then for any abelian group X, the sequence

0 — Homay,(C, X) — Homay, (B, X) — Homay, (A, X)
is exact.

Using free resolutions, we will be able to measure the failure of the above sequence
to be exact when extended with 0 to the right and to access "hidden homological
information’:

Example 0.22. There is an isomorphism
Homay(Z/2Z,7) ~ 0.
Starting with the short exact sequence
02237 —-7/22 0
we thus obtain the sequence
0 — Homay(Z/2Z,Z) — Homay(Z, Z) — Hompy(Z,Z) — 0

isomorphic to sequence
0502237 50— ..

which is not exact at position 4. There is a canonical guess on how to make the
above sequence exact, namely by adding Z/2Z at position 5 (counted from the left):

0502372 —>7/2Z -0 ...

The group Z/27Z computes the extension group Exty, (Z/2Z, Z):

For two abelian groups M, B, the group Exth, (M, B) is defined as the first
homology of the chain complex obtained from applying Homuy(-, B) to any free
resolution A, of M. This homology group turns out to be independent of the choice
of free resolution.



Later in the course, we will systematically study these Ext groups (and other
derived functors) and prove the following:

Theorem 0.23. Let 0 - A — B — C — 0 be a short exact sequence of abelian
groups and X an abelian group. Then there exists an exact sequence

0— HOHIAb(C,X) - HOIIlAb<B,X> - HOInAb(A,X)

Ext},,(C, X) — Ext}, (B, X) — Ext}, (4, X) >0

Furthermore, we will find that Ext}, (C, X) counts the (equivalence classes of)
short exact sequences (i.e. extensions) of the form 0 - X — E — C — 0.

1 Abelian categories

This sections introduces the basic language and notions used in the theory of homol-
ogy algebra. A central notion is that of an abelian category, whose main example is
given by the category of modules over a ring. Along the way, we introduce central
notions from category theory, such as (co)limits and adjunctions.

1.1 Modules over rings

Definition 1.1.1.

(1) A unital, associative ring (R, +, ) consists of a set R together with two binary
operations
4+, - :RXR—R

satisfying the following:

e (R,+) defines an abelian group with neutral element denoted by O or 0.

o The multiplication - satisfies associativity, meaning that
a-(b-c)=(a-b)-c
for all a,b,c € R, and distributivity with respect to 4+, meaning that
a-(b+c)=a-b+a-c

and
(a+b)-c=a-c+b-c.
for all a,b,c € R.

o There exists a multiplicative unit 1 = 1z € R satisfying 1-a=a-1=a
for all @ € R.



All rings will be assumed to be unital and associative. We will also write ab for
a-b.

(2) A ring R is called commutative if a - b =b-a for all a,b € R.

(3) A field is a commutative ring satisfying that (R\{0}, -) defines an abelian group
with neutral element 1.

Definition 1.1.2. Let R, R’ be two rings. A map between the underlying sets
f: R — R'is called a unital ring homomorphism if

o fla+b) = f(a)+ f(b) for all a,b € R,

o f(a-b)= f(a)- f(b) for all a,b € R,

o and f(1g) = 1p.

As with rings, we will assume all ring homomorphisms to be unital.
Example 1.1.3. For each ring R, there exists a unique ring homomorphism Z — R.
Definition 1.1.4. Let R be a ring.

(1) A left module M over R consists of an abelian group (M, +) together with a
left R-action
RxM—M

satisfying that

e (a+b)-m=a-m+b-manda-(m+m')=a-m+a-m'foralla,beR,
m,m' € M,
e a-(b-m)=(a-b)-mforall a,b€ Rand m € M,

e and 1z -m = m for all m € M.

(2) A right module M over R consists of an abelian group (M, +) together with a
right R-action
MxR—M

satisfying that

e m-(a+b)=m-a+m-band (m+m')-a=m-a+m'-aforall a,be R,
m,m' € M,

e (m-a)-b=m-(a-b) forall a,b € Rand m € M,

e and m-1zp =m for all m € M.

In the following, we will primarily work with left R-modules, and for brevity will
refer to left R-modules simply as R-modules.

Example 1.1.5. (1) Let k be a field. A left k-module amounts to a k-vector space.
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(2) Let I C R be a left ideal of a ring. Then I is a left R-module with the action
given by multiplication in R. In particular, each ring R is a left module over
itself.

(3) The trivial abelian group 0 admits a unique R-module structure for each ring
R.

(4) Each abelian group M admits a unique Z-module structure: By distributivity,
the action of n € Z on x € M must be given by
—_— —

n-times

where the latter addition is the addition in M. One readily checks that this
action indeed defines a Z-module structure on M.

n-times

Definition 1.1.6. Let R be a ring.
(1) Let M, N be left R-modules. A left R-module homomorphism f: M — N
consists of a group homomorphism satisfying that
fla-m)=a-f(m)
for all @ € R and m € M.

(2) An isomorphism between left R-modules consists of a bijective R-module ho-
momorphism f: M — N. We also write f: M ~ N.

(3) Given two left R-modules M, N, we denote by Hompg(M, N) the set of left R-
module homomorphisms f: M — N.

Note that each R-module isomorphisms admits a unique two-sided inverse R-
module homomorphism.

Remark 1.1.7. Given two R-modules M, N, the set Homg(M, N) admits the struc-
ture of an abelian group, with addition of f,g € Hompg(M, N) defined as the R-
module homomorphism

f+g9g: M — N, mw— f(m)+g(m).

Example 1.1.8. Let R be a ring, I a set, and {M,},c; an [-indexed family of
R-modules.

(1) The product [;c; M; is given by the R-module with

« elements given by [-indexed tuples (m;);er, with m; € M; for all i € I,
o the addition of these I-indexed tuples defined componentwise, meaning
that
(ma)ier + (mg)ier = (M +m})icr
this yielding an abelian group structure on [];,c; M; with neutral element
(Oar, Jier,
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o and left R-action defined componentwise, meaning as
a- (mi>i€I = (CL : mi)ie]
for any a € R.

(2) The I-fold direct sum @;c; M; can be described similarly, with the difference
that its elements are [-indexed tuples (m;);e;, with m; € M; for all i € I,
satisfying that the set {7 € I| m; # Oy, } is finite. There is an apparent inclusion

of R-modules
@ M,; C H M; ,
iel il

which is an equality if [ is finite.

Definition 1.1.9. An R-module M is called free if there exists a set I and an
R-module isomorphism M ~ @; R. We also write R®! for @; R.

Proposition 1.1.10 (The universal property of free R-modules). Let R be a ring,
M an R-module and I a set. Then there exists a bijection of sets

Hompg (R, M) ~ Homge (I, M).
Proof. We define inverse morphisms of sets
¢: Homp(R®', M) +— Homge (I, M) :).

There is an inclusion of sets ¢: I — R®!, defined by mapping i € I to the I-indexed
tuple (a;)jer with a; =1 € Rand a; =0 € R if j #i.

Given an R-module homomorphism f : R®! — M, we set ¢(f) = f ot Given
a morphism of sets g: I — M, we define ¢(g): R — M by ¥(9)((aj)jer) =
> jer ;- g(j). Note that the latter sum in M has only finitely many non-zero terms
and is thus defined.

For f: R — M and (a;)jer = Yjera; - 1(j) € R¥, we have

o d(F)((ar)ier) =Y 2 - O(f(7))

def._of ¢ S a; - f(u(y))

= f(Z; a; - (7))

= f((a5)er)

and thus ¥ o ¢(f) = f.
We further have for g: I — M and j € 1

¢oP(9)(4) = »(9) (7)) = 9(j)
and thus ¢ o 1(g) = g. This indeed shows that ¢, 1 are inverse to each other. [

11



1.2 Categories

Definition 1.2.1. A category € consists of
« a class ob(C) of objects,
o for all pairs of objects z,y a set Home(x,y) of morphisms,
« for all triples of objects x, ¥y, z a composition map

-o-: Home(y, z) x Home(z,y) — Home(z, 2),

 and for all objects = an identity morphism id, € Home(z, ),
satisfying associativity, meaning that
(hog)of=ho(gof)
for all f € Home(x,y),g € Home(y, 2), h € Home(z, w), and unitality, meaning that
id,of = f = foid,
for all f € Home(x,y).

If = is an object of a category €, we also write z € C. If f € Home(z,y), we also
write f: z — y.

Definition 1.2.2. A morphism f: x — y in a category C is called an isomorphism if
it admits a two-sided inverse, i.e. there exists a morphism ¢g: y — x with go f = id,
and fog=id,.

Definition 1.2.3. A category is called small if its objects form a set.

Definition 1.2.4. Let C be a category. A full subcategory €’ C € consists of a
category € with

« 0ob(€) a subclass of ob(C),
o Home (z,y) = Home(x,y) for all objects x,y of ¢/,
o and composition of morphisms in €’ given by composition in €.

Example 1.2.5. (1) Each set I defines a category with objects the elements of [
and morphisms given by

T

0 TH#y.

(2) The category Set has as objects the class of all sets and as morphisms functions
between sets. The composition law is the usual composition of functions. Given
a set X, the identity morphism idy: X — X is the identity function, given by
mapping any element x € X to itself.

12



(3) The category Grp of groups has as objects groups and as morphisms the group
homomorphisms.

(4) The category Ab of abelian groups is defined as the full subcategory of Grp
whose objects are abelian groups.

(5) Let R be a ring. The category LModpg of left R-modules has as objects left
R-modules and as morphisms the left R-module homomorphisms.

(6) There is a category Ring of unital, associative rings and unital ring homomor-
phisms.

(7) Let C, D be small categories. Then there exists an apparent category € x D with
objects ob(€ x D) = i0ob(€C) x ob(D) and for all pairs of objects (z,y), (2/,y') €
CxD

Homexp((x,y), (', y')) = Home(x, 2") x Homp(y, ') .

Definition 1.2.6. Let C be a category. The opposite category C°° has the same
objects as €, morphism sets

Homeop (2, y) = Home(y, x),
and composition of f € Homeor(,y), g € Homeon(y, 2) is defined as
goeor [ = foeg € Home(z,2) = Homeos (z, 2) .
Definition 1.2.7. Let C, D be a categories. A functor F': € — D consists of
o the assignment of an object F'(z) € D to each object x € C,
 for each pair z,y € € a morphism of sets
F: Home(z,y) — Homp(F (), F(y))

satisfying that
F(idm) = idF(x)

and
F(go f)=F(g)o F(f)
for all morphisms f: x — y and g: y — 2.

Example 1.2.8.

(1) Let € be a category. There is the identity functor ide: € — €, given by the
identity on objects and morphisms of €.

(2) Any functor F': ¢ — D determines an opposite functor F°P: CP — D given
by the same assignments on objects and morphisms.

(3) The inclusion of a full subcategory €’ C € defines a functor.

13



(4) There is a forgetful functor Grp — Set assigning to each group its underlying
set and to each group homomorphism the underlying morphism of sets.

(5) There is a forgetful functor LModg — Ab, mapping each R-module M to the
underlying abelian group.

(6) Let € be a category and = € €. Then there is a functor
Home(z,-): € — Set
mapping y € C to the set Home(z,y). Similarly, there is a functor

Home(-, z): € — Set .

(7) Let R be a ring and M a left R-module. Then there are functors
HOIHR(M, —) : LMOdR — Ab

and
Hompg(-, M): LMod®y — Ab .

1.3 Limits and colimits

The notion of a limit in a category allows to characterize set-theoretic constructions
(such as products, unions, quotients, ...) in terms of universal properties. These
clarify the properties of the set-theoretic constructions. However more importantly,
they allow to generalize such constructions to all categories at the same time, as
well as enable us to consider the relation of the constructions in different categories.

1.3.1 Products and coproducts

Definition 1.3.1. Let C be a category and x,y € € two objects. An object zxy € €
together with two morphisms p,: Xy — x and p,: x X y — y is called the (binary)
product of z and y if, for every object z € € together with maps ¢,: z — = and
qy: z — Y, there exists a unique morphism ¢: z — x X y satisfying that

G =Dz 00, qy =pyoo. (1)

We can illustrate Definition 1.3.1 in terms of a commutative diagram:

% Py

Z Y

If a binary product exists, the universal property uniquely characterizes it up to
unique isomorphism in € (see below). We will slightly abuse language and speak of
the product of z and y in €.

14



Example 1.3.2. Let I, J be two sets. Then the Cartesian product [ x J is given
by the set whose elements are tuples (i,j) with ¢ € I and j € J. We define the
projection maps

pr:dxJ—1, (i,5)—1

and
priIxJ—J  (i,j)—7.

We claim that I x J together with py, p; describes the product of I and J in the
category Set.

Let Z be a set together with morphisms ¢;: 7 — [ and ¢q;: Z — J. Let
¢: Z — I x J be a morphism. For each element z € Z, we can write ¢(z) = (i, J.)
for two elements i, € [ and j, € J. The equations (1) amount to the conditions

qr(z) =i, qs(2) = j- -

We thus see that ¢: Z — I x J satisfies (1) if and only if (i,,7.) = (q1(2),qs(2))
for all elements z € Z. The unique morphism ¢ is thus given by the assignment
¢: z+— (q1(2),qs(z)), showing that I x J is indeed the limit.

We can generalize binary products to arbitrary products as follows:

Definition 1.3.3. Let € be a category, K a set, and (zj)rex a K-indexed fam-
ily of objects in €. Then the product [[,cx =k is any object equipped with mor-
phisms (p;: [Tpex Tk — Tk )iex such that, for any other object z € € and morphisms
(q: z — 71)1eK, there exists a unique morphism ¢: z — [[,cx T With ¢ = p; 0 ¢ for
alll € K.

Dual to the notion of a product is that of a coproduct.

Definition 1.3.4. Let € be a category, K a set, and (xy)kex a K-indexed family of
objects in €. Then the coproduct [[,cx =1 is any object equipped with morphisms
(412 &1 = [rer Tk )iex such that for any other object z € € and morphisms (j;: x; —
2)iexk there exists a unique morphism ¢: [I,cx ox — 2 with ¢poid; = j; for all [ € K.

We can again illustrate the universal property of a binary coproduct as follows:

T Yy
T Xy
- I .
Je e y
<+
z

Example 1.3.5. (1) Products and coproducts in Set are given by products and
disjoint unions.

(2) Let R be a ring. Products and coproducts in LModg are given by products and
direct sums, as in Example 1.1.8.
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(3) Products in Grp are given by products of groups, and coproducts of groups are
given by the free product.

(4) Products in the category Ring are given by the product of rings. The category
of fields does not admit products.

A special case of (co)products are (co)products over the empty set:
Definition 1.3.6. Let C be a category.

(1) An object * of C is called terminal if it is the empty product. This means that
for every object z of € there exists a unique morphism ¢: z — *.

(2) An object () of C is called initial if it is the empty coproduct. This means that
for every object z of € there exists a unique morphism () — z.

(3) An object X of € is called a zero object if it is both initial and terminal. We
denote zero objects by O¢ or 0. If € admits a zero object, the category C is called
pointed.

Example 1.3.7.

(1) The category Set admits a terminal object *, the singleton set, and an initial
object ), the empty set.

(2) The category Set, of pointed sets has as objects sets I equipped with a morphism
x — I, and morphisms are morphisms of sets I — J, such that the diagram

[/*\J

commutes. The category Set, is pointed, with zero object the singleton * with
the identity morphism % — .

(3) For any ring R, the category LModpg is pointed, with Opq, the unique R-
module with underlying abelian group 0.

(4) The category Ring admits an initial object, given by x = Z, and a terminal
object, given by the zero ring () = 0.
1.3.2 Kernels and cokernels

Given a pointed category C, we call a morphism f: z — y a zero morphism, and
write f = 0, if f factors as x — 0 — y. Note that by the universal properties of a
zero object, there exists at most one such factorization.

Definition 1.3.8. Let € be a pointed category and f: x — y a morphism in C.

16



(1) The kernel of f is any object ker(f) € € together with a morphism i: ker(f) —
x, satisfying f o4 = 0 and that for any other morphism ¢g: z — x with fog =0
there exists a unique morphism ¢: z — ker(f) satisfying that g =i o ¢.

(2) The cokernel of f is any object coker(f) € C together with a morphism p: y —
coker(f), satisfying p o f = 0 and that for any other morphism g: y — z with
go f = 0 there exists a unique morphism ¢: coker(f) — z satisfying that

g=¢op.

z
3 . J 0
7 9 /—\
»
ker(f) —— x o x ; y T 2
N N s
Yy coker(f)

Figure 1: The universal properties of the kernel and cokernel.

Example 1.3.9. (1) A kernel of a morphism of abelian groups f: A — B is given
by the full subgroup of A with underlying set A’ = {a € A|f(a) = 0} together
with the inclusion 7: A" C A.

(2) The cokernel of a morphism of abelian groups f: A — B is given by the quotient
abelian group B/Im(f), where Im(f) C B is the subgroup given by the image
of f. Elements of the quotient abelian group B/Im(f) are equivalence classes
in B under the relation b ~ " if b — " € Im(f). The morphism p: B — B/A is
the quotient map, which maps b € B to its equivalence class [b] € B/ Im(f).

Proposition 1.3.10. Let R be a ring. The category LModg admits kernels and
cokernels. Furthermore, the forgetful functor LModg — Ab preserves kernels and
cokernels.

Proof. Let f: M — N be a morphism of R-modules. Let M’ C M be the abelian
subgroup with elements M’ = {m € M|f(m) = 0}. Let a € R and m € M'. Then
fla.m) = a.f(m) = 0, since f is a morphism of R-modules, and thus a.m € M’'. We
thus see that the R-action R x M — M restricts to an R-action R x M’ — M’ on
M'. The inclusion i: M’ C M is clearly a morphism between R-modules.

It remains to verify the universal property of the kernel: Let Z € LModg and
g: Z — M amorphism with fog = 0. By the universal property of the kernel in Ab,
there exists a unique morphism of abelian groups ¢: Z — M’ such that i 0 ¢ = g.

We show that ¢ is a morphism of R-modules. Since i(m) = m for all m € M’ we
find that g(z) = ¢(z) for all z € Z. We thus have

6(a.2) = gla.z) = a.g(z) = a.9(2)
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for all a € R and z € Z. Since ¢ is the desired morphism of R-modules, as well as
the unique morphism of abelian groups, we find that ¢ is the unique morphism of
R-modules, showing the universal property.

We next describe the cokernel of f. We first show that the quotient abelian
group N/Im(f) admits an R-action defined by a - [n] = [a - n] for any a € R and
n € N. To show that this action is well defined, let [n] = [n/] € N/Im(f). Then
n—n' = f(m) for some m € M, and thus

a-n—a-n=a-(n—n')y=a-f(m)= fla-m)€Im(f),

showing that [a.n] = [a.n/] for all @ € R. We next verify that the quotient morphism
p: N — N/Im(f),n — [n] is an R-module homomorphism: We have p(a -n) =
[a-n]=a-[n]foralln € N and a € R.

Finally, it remains to verify the universal property of the cokernel. Let g: N — Z
be an R-module homomorphism with g o f = 0. By the universal property of
the cokernel of abelian groups, there exists a unique morphism of abelian groups
¢: N/Im(f) — Z satisfying that g = ¢ o p. As above, it remains to show that ¢ is
an R-module homomorphism. Let a € R and n € N. Then

¢(a-[n]) =d(la-n]) =d(p(a-n)) =gla-n)=a-g(n)=a-¢(p(n)) =a- é(n]),
as desired. O

Definition 1.3.11. Let N be an R-module and M C N an abelian subgroup. We
call M a submodule of N if the inclusion M C N is an R-module homomorphism.

We can define quotient modules as cokernels along inclusions:

Definition 1.3.12. Let N be an R-module and M C N a submodule. Then the
quotient R-module N/M is defined as the cokernel of the inclusion M C N.

Note that the abelian group underlying the quotient module N/M is the quotient
abelian group.

1.3.3 General limits

We next generalize the constructions of products and coproducts and of kernels and
cokernels, to general limits.

Given two categories K, €, a K-indexed diagram in € is defined to be a functor
K — C.

Definition 1.3.13. Let F': K — € be a K-indexed diagram.

1. A cone (X, {pktrex) from X to F' consists of an object X of € together with
morphisms py: X — F(k) for all £ € K satisfying that

p = F(a)op
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for all morphisms «a: k — [ in K.

A morphism of cones ¢: (X, {prtrex) — (Y, {@}rex) over F consists of a
morphism ¢: X — Y in € satisfying that p, = g, 0 ¢ for all k € K.

2. A cocone (X, {iy}rer) from F to X consists of an object X of € together with
morphisms i : F'(k) — X for all k € K satisfying that

ik:ilOF(Oé)

for all morphisms «: k — [ in K.

A morphism of cocones ¢: (X, {ix}rex) — (Y, {jk}trex) over F consists of a
morphism ¢: X — Y in € satisfying that j, = ¢ o4, for all k € K.

Definition 1.3.14. Let F': K — € be a diagram.

(1) We call a cone (X, {pk}rer) over F a limit cone if for any cone (Y, {qx}rer)
over F' there exists a unique morphism 3: Y — X in C satisfying that

Qe =pro 3

for all k € K.
We call an object X of € a limit of F' if there exists a limit cone (X, {pk trex)
over F', and write X = lim(F).

(2) We call a cocone (X, {ix}rerx) under F' a colimit cocone if for any cocone
(Y, {Jk }rer) under F' there exists a unique morphism f: X — Y in C satis-
fying that

Je =P oiy
for all k € K.
We call an object X of € a colimit of F if there exists a colimit cocone (X, {i }rex)
under /', and write X = colim F.

We can rephrase Definition 1.3.14 as follow: a cone (X, {pj }rex) over F'is a limit
cone if and only if for any cone (Y, {qx }rex) over F' there exists a unique morphism

B: (Y {qktrer) = (X, {pr }rex) of cones.

Remark 1.3.15. (1) A limit or colimit of a diagram in a category € does not
necessarily exist.

(2) If a diagram admits a (co)limit, the universal property uniquely characterizes
the (co)limit up to unique isomorphism, as we show next.

Lemma 1.3.16. Let F': K — C be a K-indexed diagram in C. For any two limit
diagrams (X, {pk brex ), (X', {p} trek) there exists a unique isomorphism 5: X ~ X'
in C with pj, o f=py for all k € K (i.e. a unique isomorphism of cones).
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Proof. Since (X, {pr}rex) is a limit cone, there exists a unique morphism 5: X —
X' satisfying that py o 5 = p). for all k € K. Similarly, since (X', {p}, }rex) is a limit
cone, there exists a unique morphism f': X’ — X satisfying that pj o 8’ = py for all
k € K. We thus find that

profof =ppof =pp

for all £ € K. Again applying the universal property of (X, {px}rek), we find that
there exists a unique morphism ~: X — X satisfying that pp o~y = p;, for all k € K.
Therefore, v = o . Further, we have idx op, = pi for all k € K, and thus
~v =idyx. This shows that ' is a left inverse to 5. Switching the roles of X and X',
we also find that ' is a right inverse to 3, showing that [ is an isomorphism.  [J

Lemma 1.3.17. Let F: K — C be a diagram. Then a limit of F' exists if and only
if a colimit of the opposite diagram F°P: K°P — C°P exists. If a limit of F' exists,
then there exists an isomorphism in C

lim F' ~ colim F°P .

Proof. A cone (X, {px}rer) over F defines a cocone (X, {iy}rer) under F°P with
ix: FP(k) = F(k) — X given by p; € Home(X, F(k)) = Homeor (F(k), X)). In-
specting the universal properties, we observe that the former cone is a limit cone if
and only if the latter cocone is a colimit cocone. O

Example 1.3.18. Let C be a category and K a set, considered as a category. A
functor F': K — € amounts to an I-indexed family (X} )rex of objects in €. A limit
of F' amounts to a product [[,cx Xi and a colimit of ' amounts to a coproduct

erK Xk:-

Definition 1.3.19. Let K be the category arising from the following poset:

DO — =

Let € be a category.
(1) The limit of a functor F': K — C is called the pullback of F.
(2) The colimit of a functor F': K°° — C is called the pushout of F.

Let K be as in Definition 1.3.19 and F': K — € a functor with pullback F(1)X g2
F(1'). Then the limit cone amounts to a commutative square in C:

F(1) xpe F(I') —— F(1)

| ,

F(') —— F(2)
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We indicate that this is a pullback square by an angle as above. Similarly, for a
functor G: K°° — € with pushout G(1)I¢2) G(1'), the colimit cocone also amounts
to a commutative square in €, which we indicate as follows:

G@2) —— G

[

G(ll) E— G(l) Hg(g) G(ll)

Example 1.3.20. Let C be a pointed category and f: x — y. Then the kernel of
f fits into a pullback square

ker(f) —— =
[
0 —y

and the cokernel of f fits into a pushout square as follows:

_r

x y
|~
0 —— coker(f)

A category K is called strictly finite if it has finitely many objects and for all
objects k,l € K, the set Homg (k,[) is finite. The limit of a diagram F': K — C
indexed by a strictly finite category K is called a finite limit in €. Similarly, a small
limit in € is the limit of a diagram F': K — C indexed by a small category K.

Lemma 1.3.21.

(1) A category admits small limits if and only if it admits small products and pull-
backs.

(2) A category admits strictly finite limits if and only if it admits finite products
and pullbacks.

Proof. We begin with the proof of part (1). Let € be a category. If € admits small
limits, then it clearly admits small products and pullbacks. Conversely, assume that
C admits small products and pullbacks. Let K be a small category and F': K — C a
diagram. By assumption, the ob(K)-indexed family of objects (F(k))reob(x) admits
a product [Treon(ry F'(k) € €, with limit cone denoted (ITreon(i) F'(K), (Pr)rex). Let
Arr(K) = H peob(k)xob(k) Hompg (k, 1) be the set of all morphisms in K. Then the
family (F'(1))a: ksteam(x) similarly admits a product [, xoieamx) F'(I) € C with
limit cone denoted ([T, y—icar(x) (1), (Pg)sean(x)). We define two morphisms in

C
s, t: H F(k) — H F(I)

keob(K) a: k—=leArr(K)
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using the universal property of the product over Arr(K’) by requiring their compos-
ites with
Pg: 11 F(l) — F(I")
a: k—leArr(K)
for g: k" — I’ to be given by F(8) o pp: [lgeobx) F'(k) — F(I') for s and by
pr: Tieobx) F'(k) — F(I') for t. In equations, we thus require pg o s = F/(3) o pys
and Pp © t= yu
We claim that the pullback P of the diagram

P . [Tkeobx) F'(K)
Jw' - J{(id,s) (2)

(id,¢)
Mkeob(x) F'(k) —— (erob(K) F(k?)) X (Ha: k—leAr(K) FU))

is a limit of F'.
By composing the above diagram with the projection

(H F(k‘))X( 11 )F(l))—> II F),

keob(K) o: k—leArr(K keob(K)

we see v = 7. We next construct a cone from P to F. For k € K, let ¢, =
proy: P = Theonir) F(I) — F(k). We claim that (P, (gx)rex) is a cone over F'. For
any morphism §: k — [ in K, we have

F(B)ogr=F(B)oprory
=psosoy
=psotoy
=P
=q,

where the third equality follow from s o~ = ¢ oy by the commutativity of (2), as
desired for a cone over F'.

Let (Z, (rx)rex) be a different cone over F'. We define 6: Z — [Ireconx) F'(k) by
requiring pr 0 6 = r for all £k € K. A small computation as above shows that there
is a cone as follows:

Z g [keon(ry (k)

5J l(id,S)

(id,t)
reon(ry F(k) = (Tean(ry F(k)) X (Ma: ksteanie) F (1))

By the universal property of the pullback P, there exists a unique morphism ¢: 7 —
P in @ satisfying that v o ¢ = d. Using the universal property of the product over
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ob(K), we see that the equality v o ¢ = § holds if and only if gy 0 ¢ = proyo ¢ =
pr o d = 1 holds for all & € ob(K). We thus see that ¢ is the unique morphism
satisfying that qx o ¢ = 1y, for all k € K, showing that (P, (qx)rek) is indeed a limit
cone over F'.

For part (2), we note that if K is strictly finite, then the sets ob(K) and Arr(K)
are finite, and the assertion thus follows from the above proof. m

1.3.4 The interchange of limits
The next goal is to show that in any category limits commute with limits.

Construction 1.3.22. Let F(-,-): K x L — € be a functor such that for every
| € L, the functor F(-,1): K — € admits a limit limg F'(-,1) € €. We construct a
canonical functor

limkeKF(k,—): L — (?,

given on objects by | — limg F'(-,1).

Given a morphism «: [ — !’ in L, we must define the morphism limge ¢ F'(k, @).
Let (limpex F(k,1), (p})rer) be the limit cone over F(-,1). We then obtain the cone
(limgex F(k,1), (F(k,a) o pt)rex) over F(-,1'). From the universal property of the
limit of F'(-,{"), we obtain the morphism

gba: limkeK F(k‘, Oé) : limkeK F(/{Z, l) — limkeK F(k?, l,) .

It remains to check that this assignment defines a functor: clearly ¢iq, = idiim, . #(k,1)-
Given two morphisms «: | — I’ and : I" — I”, we must further show that ¢go ¢, =
Gpoa- By the universal property of the limit limgec g F'(k,1”), the morphism ¢z o0 ¢, is
determined by its composition with p} : limyex F(K',1") — F(k,1"). We then have

P 00500 = F(k, B)oplod(e) = F(k, B)oF(k,a)op}, = F(k, Boa)opl = plodgen ,
as desired.

Proposition 1.3.23. Let F(-,-): K x L — € be a functor such that for everyl € L,
the functor F(-,1): K — € admits a limit limg F(-,1) € €. Then F(-,-) admits a
limit if and only if the functor limgex F'(k,-): L — € from Construction 1.3.22
admits a limit. Furthermore, in this case there exists an isomorphism

limpgs g F(—,-) ~ limy, llmkeK F(k,-) €C.

Proof. We begin by showing that cones over limycx F'(k,-): L — € are in bijection
with cones over F(-,-): K x L — C.

For (k,l) € K x L, we denote by pl: limpycg F(K', 1) — F(k,I) the projection
map from the limit cone of F'(-,1).

Consider a cone (X, (q;)ier) over limgex F(k,-). For (k,1) € K x L, we denote
by ri,; the composite

!

et X - limper F(k, 1) =5 F(k,1).
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We claim that (X, (7%:)xerxz) defines a cone over F. Indeed, for (o, 8): (k1) —
(k,I') in K x L, we have

F(a,B)ory, = F(idw, 8) o F(a,id)) o py o q
= F(idy, ) OP;« °q
= pZ, oqr

=T,

where the second equality uses that o o pl = pl,, and the third equality uses the
commutativity of the following square:

1

limgex F(k, 1) —— F(K,1)
limkEK F(k‘,ﬁ)l lF(klvﬁ)
l/
limger F(k, 1) —2 F(K, 1)

Conversely, suppose we are given a cone (Y, (rr;)knexxr) over F. We fix I" € L
and restrict to the cone (Y, (rpr)rex) over F(-,I"). By the universal property
of the limit, we obtain a morphism ¢y: Y — limgex F(k,l'). We verify that
(Y, (q)ier) forms a cone over limgex F'(k,-): given a morphism : 1 — ' in L,
we must show that limgex F'(k,8) o q = qv: Y — limgeg F(k,I"). This assertion
is equivalent to the statement that p}, o limyex F(k, 3) o ¢, = pk, o g for each map
pre(l'): limger F(k,U') — F(K',U'), k' € K, from the limit cone. We have

pg/ olimgex F(k,B8) 0 q = F(K',8) opjs oq = F(K', 8) o Tril = Tgy = p%/ oqp.

One readily checks that these assignment between cones are inverse to each other.
It remains to check that the assignments are functorial with respect to mor-
phisms of cones, and hence identify the universal properties of the two limits. Let
Y (X, (@)ier) — (Y, (q)ier) be a morphism between cones over limges F'(k,-).
Clearly, after composing the cones with py(l), the morphism v defines a morphism
be(twe)en the cones (X, (rx; = P © @) wperxr) and (Y, (1, = pk © @) kexxL) over
Conversely, consider a morphism of cones 1 (X, (rr1)rpyerxr) = (Y5 (k1) (knyer <L)
over F'. Let (X, (q)ier), (Y, (q))ier) be the two cones over limgeg F'(k,-) obtained
as above. Then pj o g/ o) =1}, 01 =1 = pi(l) o q for all (k,1) € K x L and thus
gy o1 = q for all I € L by the universal property of the limit limyecx F(k,1). We thus
see that ¢ defines the desired morphism of cones ¥: (X, (q)ier) — (Y, (¢)icr). O

Corollary 1.3.24. Let F': K x L — C be a diagram with K, L small categories. If
F admits a limit and the limits of F(k,-), F(-,1) exist for all k € K,l € L, then

th limleL F(—, l) >~ hrnL hmkeK F(k‘, —) .
We note that in general, colimits do not commute with limits:
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Example 1.3.25. Consider the group G = Z/27Z, with the action on Z determined
by 1.z = —x € Z. Consider the following pullback and pushout square in Ab:

Z
0
Let BG be the category with a single object * and Hompg(*,%) = G. Let Q =

{0 —» 1,1" — 2} be a commutative square (considered as a poset category). The
above square extends to a functor

2
—

Z
lem

0
— . 7)2Z

BG x Q — Ab

encoding the G-actions and the fact the above morphisms of abelian groups are
equivariant with respect to the G-actions (meaning they are G-homomorphisms in
the terminology of Einfithrung in die Algebra). Note that the G-action on Z/27Z is
given by 1.[z] = [l.z] = [—z] = [z], and thus trivial. Passing to the limit over BG
amounts to passing to the G-fixed points, which yields the following commutative
square in Ab:

0—0

|+ |

0 —— Z/27Z
This square is not pushout, but still pullback, in line with Proposition 1.3.23, which
guarantees that limits (such as pullbacks) commute with limits (such as passing to
G-fixed points = limpg).
1.4 Additive and abelian categories

1.4.1 Additive categories

Definition 1.4.1. An Ab-enriched category consists of a category C together with
the structure of an abelian group on the Hom set Home(x,y) for all objects x,y of
C, such that for all objects x,y, z of € the composition morphism

-o-: Home(z,y) x Home(y, 2) — Home(z, 2)

is bilinear.
We also refer to Ab-enriched categories as Ab-categories for brevity.

Definition 1.4.2. An Ab-category C is called additive if it admits finite products.

We will also abusively call a category € additive, if it admits the structure of an
Ab-category which is additive.

Lemma 1.4.3. Let C be an additive category. Then C is pointed.
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Proof. Since € admits finite products, € admits a terminal object * € €. Then
id, € Home(*,*) = {id.} must be the neutral element in the abelian group. Let
xr € €. We show that Home(*, ) contains a unique element. Firstly, we note that
the abelian group Home(*, ) contains a neutral element 0,_,,. Let f: * — x be any
morphism. Then

f:foid*:foo*—)*zo*—ma

since composition is bilinear!. This shows that Home(*, ) = {0,_,}, showing that
* is also initial in C. ]

Given a morphism f: z — y in an additive category C, we write f = 0, as in
Section 1.3.2, if f factors as x+ — 0 — y. This notation is compatible with the
Ab-enrichment:

Lemma 1.4.4. Let C be an additive category and f: x — y a morphism in €. Then
f=0if and only if f € Home(x,y) is the neutral element of the abelian group.

Proof. Since composition is bilinear, the neutral element 0,_,, € Home(z,y) is the
composite of the neutral elements 0,_,o € Home(x,0) and 0y_,, € Home(0,y). Note
that Home(z,0) = {0,0} as a set, since 0 is terminal, and similarly Home(0,y) =
{0p—y}. Thus, f factors as + — 0 — y if and only if f = 0,_,, € Home(z,y). O

Lemma 1.4.5. Let C be an additive category. Then C admits finite coproducts.
Futhermore, for any finite family (x;);c; of objects in C, there exists an isomorphism

iel iel
Proof. If I = (), then [[,c;x; ~ [Lic;z; = 0 € C, since C is pointed. If I ~
{1} contains a unique element, then [[,c;z; ~ 1 ~ [I;c;x;. We prove below the
assertion in the case I ~ {1,2}. In the remaining cases where I ~ {1,...,n} with
n > 2, we have

[Tz = (21 x 22) X 23) X ...) X )

~ (21 ) T as) 1. ) T )

iel

Assume that I = {1,2}. Let x; X x3 be the product of x,zy with projection
maps p1: 1 X To — x1 and po: 17 X o — To. Using the universal property of the
product, we define two morphism i;: x; — x1 X 29, with j = 1,2, by requiring

. 1dazj J=kK,
Dk Ot = 0 Iy

!Bilinearity is used here in the last step follows: we have fo0 = fo(0—0) = fo0— fo0=0.
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We next show that (z1 X , (4;);-12) is a colimit cocone, thus exhibiting z; x 5 as
the coproduct.

We have id,, xz, = 1 © p1 + i2 0 po: Using the universal property of the product,
it suffices to note that

p1o(iyopr +izops) =idy opr +00py = py
and
p2o (i opr +izopy) =00 p; +idy, opy = ps.

Let y € € be an object with two morphisms #: z; — y, j = 1,2. We must show
that there is a unique morphism ¢: z, X z2 — y of cocones, i.e. satisfing i, = ¢ o i;
for j = 1,2. Given any such morphism ¢, we have

¢ =¢oidyxz, = @0 ((i1op1) + (ia0p2)) =4 op1 +i50ps.

This morphism ¢ indeed defines the desired, then unique, morphism of cocones: We
have

poig =110 (proiy+iyopyoiy) =1iy0id,, +iyo0 =1
and similarly ¢ o iy = ib. O
Remark 1.4.6. Let C be an additive category and (x;);c; a finite family of objects
in €. To emphasize that the product and coproduct of (z;);cs, coincide, we write it

as
Pai=]]w =[],

i€l i€l i€l
referring to it as the direct sum of the family (z;);e;.

Definition 1.4.7. Let C,D be additive categories. A functor F': € — D is called
additive if for each pair of objects x,y € €, the morphism

F: Home(z,y) — Homp(F (), F(y))
is a morphism of abelian groups.

Exercise 1.4.8. Let F': C — D be an additive functor between additive categories.
Then F preserves finite products and coproducts.

Remark 1.4.9. Let n > 1. In an additive category, we can write a morphism

f= (fz)z:ln A— éBi

i=1
as a tuple of morphisms f;: A — B;, using the universal property of the product.
Similarly, we can write a morphism

9= (gi)i=1,.n: @Bi —C
i=1
as a tuple with ¢;: B; — C, using the universal property of the coproduct. Further,
the composition is given by sum

gofzzgiofi-
i=1
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Lemma 1.4.10. Let C be an additive category. Then a square in C

/

P2,

Jf’ Jf (3)

B2, C

is a pullback square if and only if the folded square in C

is a pullback square.
Similarly, the square (3) is pushout if and only if the square (4) is pushout.

Proof. We first show that there exists a bijection between cones over the two dia-
grams:

A A B
lf l(f,—g) (5)
B¢ 0O —— (C

A morphism h: Z — A @ B amounts via the universal property of the product to a
pair of morphisms h,: Z — A and hy: Z — B. There is a unique morphism P — 0
since 0 is terminal. Further the condition (f, —g) o h = 0 is equivalent to

O:(fa_9>oidA@Boh:(f>—9)o(i10p1+i20p2)oh:fohl—gtha

meaning that f o h; = go hy. Thus, both the data in the two diagrams, as well as
their commutativity,

h=(h1,h2) A o B

l(f,—g) (6)

- 5 C

7z M4
ha f

B-Y2.C

o +— I\

are equivalent, showing the bijection between cones.
To identify the morphisms of cones over the two diagrams, it remains to note
that a diagram



commutes if and only if the diagram
h=(h1,h2)

Z/\‘N

(¢',1") Ao B

P
l l(f,fg)
0

N

commutes. Indeed, we have (¢, f') o ¢ = (hy, he) if and only if ¢’ o ¢ = h; and
f'o¢p = hs. m
1.4.2 Abelian categories

Definition 1.4.11. Let f: x — y be a morphism in a category C.

(1) Then f is called a monomorphism if for all morphisms g, ¢2: w — z in € with
fogi = fogs, it also holds that g, = go.

(2) Then f is called an epimorphism if for all morphisms g1, ¢2: y — z in € with
gr1o f=goo f, it also holds that g; = g».

Remark 1.4.12. If € is an additive category and f a morphism in €, then f is a
monomorphism if and only if f o g = 0 implies that ¢ = 0. Indeed, assuming the
latter, if fo g = fogs, then fo(g; — go) = 0, which implies g; — go = 0, which is
equivalent to g, = gs.

Similarly, f is an epimorphism if and only if go f = 0 implies g = 0.

Definition 1.4.13. An additive category € is called abelian if
o the category € admits kernels and cokernels,

o for every commutative square in € of the form

_t y
p (7)

— Z

O<— 8

the following are two statements are equivalent:

i) The morphism ¢ is a monomorphism and the square is a pushout square.

ii) The morphism p is an epimorphism and the square is a pullback square.
Lemma 1.4.14. Let f: x — y be a morphism in an additive category C.

(1) If f admits a kernel, then the morphism i: ker(f) — x is a monomorphism.

29



(2) If f admits a cokernel, then the morphism p: y — coker(f) is an epimorphism.

Proof. We only prove part (1), part (2) follows from the same argument applied to
C°P. Let g: z — ker(f) be a morphism with i o ¢ = 0. By the universal property
of the kernel, the two morphisms ¢,0: z — ker(f) agree if and only if io g =700,
which indeed holds since both morphisms are zero. Thus g = 0, as desired. O

Remark 1.4.15. By Lemma 1.4.14, we find that the second condition in Defini-
tion 1.4.13 is equivalent to the a priori weaker assumption that if ¢ is a monomor-
phism and (7) pushout, then (7) is also pullback, and that if p is an epimorphism
and (7) pullback, then (7) is also pushout.

The prototypical example of an abelian category is the category Ab of abelian
groups. Categories of left modules are also abelian:

Proposition 1.4.16. Let R be a ring. Then LModg is an abelian category.

Proof. By Remark 1.1.7, we can equip the morphisms sets in LModg with the struc-
tures of abelian groups. It is straightforward to check that the composition of
morphisms in LModpg is bilinear with respect to these group structures. By Exam-
ple 1.3.5 the category LModg admits finite products. Thus LModg is additive.

By Proposition 1.3.10, any morphism in the category LModr admits a kernel
and a cokernel.

Monomorphisms in LModg are given by inclusions of R-modules and epimor-
phisms in LModp are given by surjective morphisms between R-modules. Let
i: M'" C M be an inclusion of R-modules. We observe that the kernel of the mor-
phism M — M/M' is given by M'. Let p: M — N be a surjective morphism of
R-modules. Then N ~ M/ker(p) by the first isomorphism theorem. This shows
that LModp is abelian. ]

Definition 1.4.17. Let € be an abelian category and f: x — y a morphism in C.
The image of f is defined as

Im(f) == ker(y — coker(f)).

Remark 1.4.18. (1) Any morphism f: z — y in an abelian category factors as

with p an epimorphism and ¢ a monomorphism. This follows from the observa-

tion that the composite morphism x ERN y — coker(f) vanishes and thus factors
through the kernel of y — coker(f).

(2) Let f: M — N be a morphism between left R-modules. Then the image of f
can be identified with the submodule of N with elements

Im(f) = {f(m)lm € M} C N.
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Proposition 1.4.19. Let C be an abelian category. Then C admits strictly finite
limits and colimits.

Proof. By Lemma 1.3.21, it suffices to show that € admits finite products and co-
products, as well as pullbacks and pushouts. The former follows from the assumption
that € is additive. The latter follows from Lemma 1.4.10 and the fact that C admits
kernels and cokernels. O]

We say that a functor F': € — D preserves limits if for each limit cone (X, (p,).cz)
in € over a functor g: Z — €, the cone (F(X), (F(p.)).cz) in D over Fog: Z — D
is also a limit cone.

Definition 1.4.20. Let C, D be abelian categories and F': € — D a functor.

(1) The functor F is called left exact if it is additive and preserves kernels.

(2) The functor F is called right exact if it is additive and preserves cokernels.

(3) The functor F' is called exact if it is both left exact and right exact.

Lemma 1.4.21. Let C,D be abelian categories and F: C — D an additive functor.
(1) The functor F is left exact if and only if F' preserves strictly finite limits.

(2) The functor F' is right exact if and only if F' preserves strictly finite colimits.

(3) The functor F is exact if and only if F preserves strictly finite limits and finite
colimits.

Proof. Part (3) follows directly from parts (1) and (2). Part (2) follows from part
(1) applied to C°?. We turn to the proof of part (1). We first show that F is left
exact if and only if F' preserves pullbacks. Clearly, the latter implies the former.
Conversely, consider a pullback square

/

P—— A

g
o Jf (8>
B 2. C

in €. Consider the folded pullback square

P
J{ J l(f,—g) (9)
0

see also Lemma 1.4.10. Applying F' to (8) and folding yields the same square
as applying F' to (9) (this uses that F' is an additive functor and thus preserves
direct sums). Since F' preserves kernels, applying F to (9) yields a pullback square.
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Unfolding it and applying Lemma 1.4.10, we find that F applied to (8) is also
pullback, showing that F' preserves pullbacks.

We next show via a similar argument that if F' preserves pullbacks, then F
preserves strictly finite limits, using Lemma 1.3.21 in place of Lemma 1.4.10. We
fix a strictly finite category Z and a functor G: Z — €. Then G admits a limit if
and only if there exists a pullback square as in (2), and in this case the limit of G is
isomorphic to the pullback P in (2). Applying F' to the pullback square in (2) yields
by assumption a pullback square. Again arguing as in the proof of Lemma 1.3.21,
we find that the limit of F o G is equivalent to F'(P) and that the cone from F(P)
to F o G is indeed a limit cone. O

Example 1.4.22 (Hom is left exact). Given an abelian category € and X € €, the
functors

Home(X,-): € — Ab

and
Home(-, X): CP — Ab

are left exact (this follows from a similar argument as on exercise sheet 1, by using
Theorem 1.4.24 below).
This can also be deduced from a general fact in category theory: given any category

D and Y € D, the functor Homyp(X,-): D — Set preserves all limits which exist in
D. Note that the forgetful functor Ab — Set preserves limits.

In a general abelian category, the objects do not have element, see for instance
any abelian category of sheaves. Theorem 1.4.24 below shows that we can embed
any small abelian category into an abelican category whose objects have elements.

Definition 1.4.23. Let F': € — D be a functor.

(1) The functor F is called full if, for all z,y € €, the morphism F: Home(z,y) —
Homq (F(z), F(y)) is surjective,

(2) The functor F is called faithful if, for all x,y € €, the morphism F': Home(z,y) —
Homq (F(z), F(y)) is injective,

(3) The functor F' is called fully faithful if F" is full and faithful.

For instance, the inclusion of a full subcategory € C € defines a fully faithful
functor.

Theorem 1.4.24 (The Freyd-Mitchell embedding theorem). Let C be a small abelian
category. Then there exists a ring R and a fully faithful exact functor

C — LModp .
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1.4.3 A digression on Grothendieck universes

In a few cases, we have been relying on our abelian categories being small. This
assumption can be inconvenient in practice, as many abelian categories of interest
are not small (such as LModg, or also abelian categories of sheaves). In practice,
to avoid the assumption on smallness, one employs Grothendieck universes and the
Grothendieck universe axiom.

A set U (containing only sets itself) is called a Grothendieck universe if it is
closed under the following typical operations:

e ifz €U and y € z, then y € U,

o if z € U, then P(z) € U, with P(x) the power set,

s DeU,

o if z,y € U, then {z,y} € U,

o if {z;}ics is an I[-indexed family of elements of U and I € U, then U;c; x; € U.

Instead of considering small sets, one can talk about U-small sets.

Definition 1.4.25. Let U be a Grothendieck universe. A set [ is called U-small if
IelU.

Typically, the Grothendieck universe U will be fixed, and we will refer to U-small
sets as small sets.

With a fixed choice of universe U, when we write LModg, we mean the abelian
category whose objects are U-small R-modules, meaning R-module M, whose un-
derlying set satisfies M € U. The category LModpg is then itself not U-small, but
instead LModg C U is a subset. To proceed, one imposes the following axiom:

Axiom: For every set I, there exists a Grothendieck universe U with I € U.

This ensures that LModpg is an element of a larger universe U’ so that we may
treat LModp, still as small (relative to the larger universe U’).

The above universe axiom has various implications going beyond ZFC, such as
the existence of inaccessible cardinals, and leads to its own version of set theory,
called Tarski-Grothendieck set theory.

1.5 Chain complexes

Definition 1.5.1. Let € be an additive category.

(1) An (unbounded) chain complex A, in € consists of a family (A, )nez of objects
of € and a family of morphisms (d,,: A, — A,_1)nez in C, satisfying that

dnfl o dn =0
for all n € Z.

A chain complex A, is called bounded if there exist n,m > 0 such that A, ~ 0
for all & & [—m, n].
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(2) An (unbounded) cochain complex A* in € consists of a family (A™),ez of objects
of € and a family of morphisms (d": A" — A"!), <z in €, satisfying that

dn+1 o dn — 0
for all n € Z.

The difference between chain complexes and cochain complexes is cosmetic, but
distinguishing them can be helpful in practice. In the literature, there is no agreed
upon convention on whether one should use by default chain complexes or cochain
complexes.

Definition 1.5.2. Let € be an abelian category.

(1) Let A, be a chain complex in €. The n-chains of A, are defined as C,,(A,) =
A, € C. The n-cycles of A, are defined as Z,(A,) = ker(d,) € €. The n-
boundaries of A, are defined as B, (A,) = Im(d,+1) € C.

(2) Let A* be a cochain complex in €. The n-cochains of A* are defined as C"(A*) =
A™ € €. The n-cocycles of A* are defined as Z"(A*) = ker(d") € €. The n-
coboundaries of A* are defined as B"(A*) = Im(d"!) € C.

If A, is chain complex, then there are canonical monomorphisms B, (A.) —
Zn(Ay) = Cr(Ay).

Definition 1.5.3. Let € be an abelian category.

(1) For n € Z, the n-th homology of A, is defined as

H,(A,) = coker(Im(d,, 1) < ker(d,)) = coker(B,(A.) — Z,(A,)).

(2) Let A* be a cochain complex in €. For n € Z, the n-th cohomology of A* is
defined as

H"(A*) = coker(Im(d" ') < ker(d")) = coker(B"(A*) — Z"(A*)).
If f: A< B is a monomorphism in an abelian category, we also write B/A for

coker(f). For a chain complex A,, we thus have H,(A.) = ker(d,)/Im(d,11).

Definition 1.5.4. Let A, be a chain complex. For n € Z, A, is called exact in
position n if H,(A,) ~ 0. Further, A, is called exact if A, is exact in all positions
n € 7.

The homology of a chain complex is therefore the measure of its failure to be exact.

Chain maps between chain complexes in abelian categories are defined as in
Definition 0.5, i.e. as a collection of maps f.: A, — B, satisfying d?_jof, = f,_10d.
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Definition 1.5.5. Let C be an abelian category. Then the category Ch,(€) of chain
complexes in € has as objects unbounded chain complexes in € and as morphisms
chain maps. Composition is the (naive) composition of chain maps.

Exercise 1.5.6. Let C be an abelian category.
« The category of chain complexes Ch,(C) is abelian.

e A chain map f,: A, — B, is a monomorphism if and only if f,: A, — B, is
a monomorphism for all n € Z.

e A chain map f,: A, — B, is an epimorphism if and only if f,: A, — B, is
an epimorphism for all n € Z.

Remark 1.5.7. For every n € Z, the passage to the n-homology defines an additive
functor H,(-): Ch.(C) — C.

Definition 1.5.8. A chain map f.: A, — B, is called a quasi-isomorphism if
H,(f.): H,(As) — H,(B,) is an isomorphism of abelian groups for all n € Z.
1.5.1 Short exact sequences

Lemma 1.5.9 (The 5-Lemma). Consider a commutative diagram in a small abelian
category C

N o

}/1 g1 }/2 92 }/:5} g3 n 94 }/:5

such that the two rows are exact chain complexes. Then if o, 3,9, € are isomorphisms,
50 18 1.

Proof. Using Theorem 1.4.24, we may choose an exact fully faithful functor ¢: € —
LModpg and equivalently prove the assertion for the image of the diagram (10) under
i. We thus assume in the following that the objects in (10) are R-modules.

We first show that ~ is a monomorphism. For this, we can equivalently show
that for any = € X3 the equation y(z) = 0 implies x = 0. We thus fix 2 € X3 with
v(xz) =0 € Ys. Then 6 o f3(x) = g3 0~y(x) = g3(0) = 0. Since 0 is an isomorphism
(an in particular a monomorphism), we find that f3(x) = 0. Since the upper row
of (10) is exact, there thus exists an element 2’ € Xy with fo(2') = . We next
find that go o f(2') = vy o fa(z') = v(x) = 0. Since the lower row in (10) is exact, it
follows that there exists y € Y7 with ¢;(y) = 5(z’). The object y admits an inverse
image " under a. We have

Bo fi(a") = groa(s") = g(y) = B(2).

Since [ is a monomorphism, this shows that f(z”) = 2’. Using that 0 = fyo f since
the upper row is a chain complex, we finally obtain 0 = f5 o f1(z") = fo(2') = z, as
desired.
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Next, we prove that v is an epimorphism. For this, we fix an element y € Y3 and
show that it has an inverse image under . Since § is an epimorphism, there exists
xr € X4 with 0(z) = g3(y). We further have

€o fy(x) =gso0d(x) =gs0g3(y) =0.

Since € is a monomorphism, this shows that fy(x) = 0. By the exactness of the
upper row in (10), there exists 2’ € X3 with f3(z') = 2. Then

g3(y(z') —y) = d o fs(z') — gs(y) = d(x) — gs(y) = 0.

Thus, there exists y' € Y3 with ¢o(y') = v(2’) — y. Using that ( is an epimorphism,
we can find 2” € Xy with g(2”) = y'. We have

Y@ = foa")) = v(@") — g2 0 B(2") = v(2') = go(v) = (') = (v(2)) —y) = y.

Thus o' — fo(2”) € X3 is the desired inverse image of y, showing that v is an
epimorphism.

Since 7 is both an epimorphism an a monomorphism and € abelian, we find that
v is an isomorphism. O

The technique used to prove Lemma 1.5.9 is called diagram chasing. It is a
standard proof technique used in homological algebra. See also here.

Definition 1.5.10. A short exact sequence in an abelian category is an exact chain

complex of the form
0—+A—B—-C-—0.

Proposition 1.5.11. A chain complex 0 — A Iy B % € = 0 in an abelian category
is exact if and only if the corresponding commutative square

AL, p
l g (11)

0 —C
is both pushout and pullback.

Proof. The exactness of the sequence at A amounts to f being a monomorphism.
Exactness at C' amounts to g being an epimorphism. Finally, exactness at B amounts
to Im(f) = ker(g).

It follows from the axioms of an abelian cateogry, that the square (11) is pullback
and pushout if and only if f is a monomorphism, ¢ is an epimorphism and A =
ker(g). In this case, A ~ Im(f) so that the assertion A = ker(g) is equivalent to
Im(f) = ker(g). O

Let € be an abelian category and X,Y &€ € and extension of X by Y consists of
a short exact sequence ¥ — E — X in €. We introduce the following equivalence
relation on extensions:
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Lemma 1.5.12. Let C be an abelian category and X,Y € C. There exists an
equivalence relation on the set of extensions {Y — E — X} of X by Y in C where

Y—-F—=>X) ~ (Y—=FE—>X)

if there exists a commutative diagram of the following form:

0 Y E X 0
IR @
0 Y FE’ X 0

Proof. Reflexivity of the relation is clear (set @ = idg). The symmetry follows from
the 5-Lemma: the morphism « in (12) is an isomorphism. The transitivity is then
also clear. O

Definition 1.5.13. Let C be a small abelian category and X,Y € €. We denote by
Exte(X,Y) ={Y — F — X extension in C}/ ~
the set of equivalence classes of extensions of X by Y.

Lemma 1.5.14. Let A Ly B % C be a short evact sequence in an abelian category.
The following are equivalent:

1) g admits a section s, meaning a morphism s: C — B satisfying that g o s = ide.
2) f admits a retract r, meaning a morphism r: B — A satisfying that ro f = idy.
3) The extension is equivalent, in the sense of Lemma 1.5.12, to the trivial extension

A p o o O o

If the above conditions are satisfied, we refer to the short exact sequence A LBLC
as split.

Proof. Clearly, 3) implies 1) and 2). We next show that 1) implies 3). A similar
argument shows that 2) implies 3).
Let s be the section of g, satisfying go s = ide. Then the following commutative

diagram shows 3):

(id4,0) AEBC (0,id¢) C

1 e |-

A1 B9 ¢
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Remark 1.5.15. Any additive functor between abelian categories preserves direct
sums as well as the associated inclusions and projections (since these appear in the
corresponding limit and colimit cones), and thus maps split short exact sequences
to split short exact sequences.

The notion of a split short exact sequence generalizes to split chain complexes
as follows:

Definition 1.5.16. A chain complex A, is called split if there exists a family of
morphisms (s,,: A, = A,i1)nez satisfying d,, = d,,s,d,. A split chain complex that
is exact is called split exact.

Example 1.5.17. Let k be a field. We also write Vecty for LModg. Every chain
complex in Vect,, splits.

1.5.2 Chain homotopy
Definition 1.5.18.

(1) Let f.: Cy — D, be a chain map. A null homotopy of f, consists of a sequence
of morphisms (H,,: C,, = Dy, 11)nez satisfying that

fn=dH,+ H, 1d: C, — D,
for all n € Z. If f, admits a null homotopy, we call f, null-homotopic.

(2) Let fi,g«: C. — D, be chain maps. Then a chain homotopy from f, to g. is a
null homotopy of f, — g.. If there is a chain homotopy from f, to g., we call
f« and g, chain homotopic. Note that this is an equivalence relation on chain
maps.

Lemma 1.5.19. Let f,,g.: Ax — B, be two chain homotopic chain maps. Then
H,(f.) = H,(g.) for alln € Z. In particular, if f. is null-homotopic, then H,(f.) =
0 for all n € Z.

Proof. Since f, is chain homotopic to g, if and only if f, — g, is null homotopic,
and H,(f. — g«) = Hn(f.) — Hn(g«), it suffices to consider the case that f. is
nullhomotopic and show that H,(f,st) = 0. Let [z] € H,(A.), represented by an
n-cycle z € Z,(A,). Then f,([z]) = [dH,(z)— H,_1d(x)] = [dH, ()] —[H,-1d(z)] =
0 — 0, since dH,(z) is a boundary and d(z) = 0 by assumption. O

Definition 1.5.20. A chain map f,: A, — B, is a called a chain homotopy equiv-
alence if there exists a chain map g,: B, — A, such that g, o f, is chain homotopic
to id4, and f, o g, is chain homotopic to idg, .

Any chain homotopy equivalence is a quasi-isomorphism by Lemma 1.5.19. We
can thus consider chain homotopy equivalence between chain complexes as a refine-
ment of the notion of two chain complexes being quasi-isomorphic.
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1.5.3 Long exact sequences

Theorem 1.5.21. Let C be an abelian category and
0 A 5B, %5 C -0

a short exact sequence in Ch(C). Then there exists an exact chain complex

A () 2 Hy (A 2 (B T b () 2 B (A

called the associated long exact sequence.
To prove Theorem 1.5.21, we will apply the Snake Lemma:

Lemma 1.5.22 (Snake lemma). Consider a commutative diagram in an abelian
category C

A—L.B C 0
O
0 A B ——

whose rows are exact. Then there exists an exact sequence in C

ker(f) — ker(a) — ker(3) — ker(7) % coker(a) — coker(3) — coker(y) — coker(g).

Proof. Exercise. O

Proof of Theorem 1.5.21. We may assume that the objects of C have elements, see
Theorem 1.4.24.
We first apply the snake lemma to the following diagram

0 A, B, Ch 0

J l J

0O—— A, — B, —C,_y —— 0

yielding the exact sequence
0— Z,(Ay) = Z,(By) — Z,(Cy) = Apy/dA, — B,-1/dB, — C,,—1/dC,, — 0
where we denote dA,, = B,_1(A,) for brevity. We rearrange this into the diagram

An/dAn+1 E— Bn/dBn+1 EE— Cn/dcn-i-l — 0

I I I

0 —— anl(A*) E— anl(B*) —— Zn71<0*)

where the vertical morphisms are induced by the differential, using the universal
property of the cokernel A,,/dA,+, and that d|4a,,, = 0. Let [z] € A,,/dA,+1 —

n—+1
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Zy-1(A,). Then d([z]) = [d(z)] = 0 if any only if d(z) = 0, since d*> = 0. Thus,
the kernel of d is given by the quotient Z,(A.)/dA,+1 = H,(A.). The image of
d: A,/dA,+1 — A,_1 is isomophic to the image of d: A, — A,_1, so that the
cokernel is given by H,_1(A,). Applying the snake lemma again, we thus obtain the
exact sequence

H,(A) = Hu(B.) = Ho(C) % Hy_1(A,) — Ho_y(B,) = H,_1(C.).

Patching these exact sequences together for all n € Z yields the desired long exact
sequence. ]

Remark 1.5.23. The morphism 0,,: H,(C,) — H,_1(A.) in Theorem 1.5.21 is
called the connecting morphism. Given a class [x] € H,(C.), with z € Z,(C.), we
can describe 0([z]) € H,—_1(A,) as follows: We choose a preimage y € B,, of  under
the epimorphism g,. We have d(y) € ker(g,—1) = Im(f,—1), and we let z € Z,,_1(A.)
be a preimage of d(y) under f,_;. Then d([z]) = [z] € Hp—1(AL).

The connecting homomorphisms satisfies a property called naturality. This is a
mathematical term, referring to the following notion:

Definition 1.5.24. Let F,G: € — D be two functors. A natural transformation
n: F' — G consists of a family of morphisms (1, : F'(z) — G(2)).ce, satisfying that,
for any morphism f: x — y in C, the square in D

F(z) — G(z)

JF(f) lG(f)

commutes.

Definition 1.5.25. Let C, D be two categories. The functor category Fun(C, D) is
the category determined as follows:

 Its objects are given by functors F': ¢ — D.
o [ts morphisms are given by natural transformations n: F' — G.

o The identity morphisms are the identity natural transformations

ldF = (idF(x))xEG: F— F.

e The composition of two natural transformations n: F — G and u: G — H is
given by the natural transformation pon: F' — H corresponding to the family
of morphisms (/1 0 1) ce-

Example 1.5.26. Let C be an abelian category
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(1) Consider the poset category (Z,<) (meaning morphisms are of the form i —
J with @ < 7). The category Ch(C) is isomorphic to the full subcategory of
Fun(Z°, C) of functors F': Z°* — C satisfying that F(j — i) = 0 for any
1,J € Z with j > ¢+ 1. This isomorphism of categories identifies chain maps
with natural transformation between functors Z°® — C.

(2) We denote by LES(€) C Ch(C€) the full subcategory of exact chain complexes.

(3) Consider the full subcategory [2] = {0 — 1 — 2} C Z. We define SES(C) C
Fun([2]°P, €) as the full subcategory of short exact sequences in C.

Proposition 1.5.27. Let C be an abelian category. There exists a functor
SES(Ch(€)) — LES(C),

associating to each short exact sequence of chain complexes its associated long exact
sequence from Theorem 1.5.21.

Proof. We need to show that for each morphism in SES(Ch(C)), corresponding to a
commutative diagram in Ch(C) with exact rows

0 A B ., 0

[ [ &

0 Y LNy Y NG 0

there is a corresponding chain map between the associated long exact sequences:

. —— H,(A,) —— H,(B,) —— H,(C,) —%— H,_y(A,) — ...
lHn(a*) lHn(ﬁ*) lHn(V*) lanl(o‘*)

. —— Hy(A) —— H,(B)) —— H,(C.) —2— H,_,(A) —— ...
The commutativity of the first two squares follows from H,(-) being a functor. We
verify that the right square commutes on elements. Let z € Z,(C,) and y € B,
with g,(y) = . Then B,(y) € Z,(B.) is the preimage of v,(x) € Z,(C.) since
9n © Bu(y) = 1m0 gn(y) = Wm(@). Let z € Z,_1(AL) with f,-1(2) = d(y) € Zu-1(B).
Then a,—1(2) € Z,-1(A,) satisfies

fylz_l o a/n—l(z) = Bn—l o fn—l(z) = Bn—l o d(y) =do Bn(y) s

meaning that a,,_1(z) is the preimage of d o 3,(y). This shows that [a,_1 0 d(z)] =
[an—1(2)] = [007n(z)], expressing the desired commutativity of the right square. [

Definition 1.5.28. Let € be an abelian category and f,: C, — D, a morphism in
Ch(C). The cone of f., denoted cone(f.) € Ch(C), is defined as the chain complex
with
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« n-chains given by cone(f.), = D, & C,,_; for all n € Z,

o and differential d,,: D, ® C,,_1 — D,_; ® C,_5 corresponding to the matrix?
dy? _f n—1
= ( 0 —d,
Let us check that d* = 0, so that cone(f,) is indeed a chain complex:

d2: dr? _.fn—l o d??—&-l _.fn _ d2 _fn—lodg‘l’dg_lofn -0
0 —d 0 —dC 0 &

The last equality uses that f, is a chain map.

Definition 1.5.29. Let C, be a chain complex and n € Z. Then the shifted chain
complex Cy[n] is defined as the chain complex with

(C* [n])a = Ca—n

and
£ = (1),

for all a € Z.
Note that C,[1] ~ cone(C, — 0).

Example 1.5.30. Let € be an abelian category and f,: C, — D, a chain map in
C. There exists a short exact sequence in Ch(C)

0 — D, — cone(f.) = Ci[1] = 0.

Theorem 1.5.21 implies that cone( f,) is exact if and only if f, is a quasi-isomorphism.

1.6 Tensor products
1.6.1 The tensor product of abelian groups

Definition 1.6.1. Let A, B,C be abelian groups. We call a morphism of sets
f(-,-): : Ax B — C bilinear (or Z-bilinear) if

e f(-,b): A — C is a morphism of abelian groups for all b € B, and
e f(a,-): B — C is a morphism of abelian groups for all a € A.

Note that a bilinear morphism is typically not a morphism of abelian groups.

2For this, we argue as in Remark 1.4.9 and consider a 2-vector of 2-vectors as a 2 X 2-matrix.
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Definition 1.6.2 (The universal property of the tensor product). Let A, B be two
abelian groups. An abelian group C, equipped with a bilinear morphism

T Ax B—C,

is called the tensor product of A, B if for every abelian group D and bilinear mor-
phism f: A x B — D there exists a unique morphism of abelian groups f': C — D
(also referred to as a Z-linear morphism) satisfying that

fom=1.
In this case, we write C' = A ® B.
We can illustrate the universal property of the tensor product via the following

diagram:

ﬂ-J{ Alinear
A® B

Note that the universal property of the tensor product is formulated not within
the category Ab: it does not only involve objects and morphisms in Ab. Neverthe-
less, the tensor product is unique up to unique isomorphism in Ab:

Lemma 1.6.3 (Uniqueness of the tensor product). Let A, B be abelian groups and
m:AX B — Cy and my: A X B — Cy two bilinear maps exhibiting both C7 and
Cs as the tensor product of A and B. Then there exists a unique isomorphism of
abelian groups ¢: Cy — Cs satisfying mo = ¢ o my.

Proof. A similar argument as in the proof of Lemma 1.3.16 applies. O

We next show that the tensor product of any two abelian groups exists. We will
construct it as a quotient of a free abelian group.

Notation 1.6.4. Given a set M, we denote by F(M) = Z"™ & Ab the free abelian
group generated by F. Given an abelian group A, we denote by F(A) the free
abelian group on the set underlying A.

Given a pair of abelian groups A, B, we can write elements of F'(A x B) as finite
sums of the free generating set {(a,b)la € A,b € B}. We let R C F(A x B) be the
subgroup generated by elements of following form:

e (a1 + as,b) — (ay,b) — (az,b), with ay,a2 € A, b € B, and
o (a,by +by) — (a,by) — (a,bs), with a € A, by,by € B.
Lemma 1.6.5. Let A, B be two abelian groups. There exists a bilinear map
7: AXx B— F(Ax B)/R, (a,b)+— [(a,b)]
exhibiting F(A x B)/R as the tensor product of A and B.
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Proof. We first verify that 7 is indeed bilinear. Let a;,a; € A and b € B. Then
7T(a1+&2, b) = [(a1+a2, b)] = [(al, b)+(a2, b)] = [(&1, b)]+[(a2, b)] = 7T(CL1, b)+7T(CL2, b) ,

where the second equality follows from the relation [(a, by + by) — (a,b1) — (a,bs)] =
0 imposed by quotienting by R. A similar argument shows that m(a,b; + be) =
m(a,b1)+7(a,by) for all @ € A and by, by € B, so that we conclude that 7 is bilinear.

Let f: Ax B — D be a bilinear morphism. We next show the desired unique
factorization of f through .

Let f', f": F(A x B)/R — D be two morphisms of abelian groups satisfying
that f'om = f and f” opi = f. Then for (a,b) € A x B, we have f"([(a,b)]) =
f'([(a,b)]) = f(a,b). The elements {(a,b)|la € A,b € B} C F(A x B) generate
F(A x B) and so the elements {[(a,b)]la € A,b € B} C F(A x B)/R also generate
F(A x B)/R. Thus, for any element x € F(A x B)/R, we have x = Y,c;[(a;, b;)]
for some finite set I and a; € A,b; € B for all i € I, so that

fl(x) =" flaibi) = f'(2) .
il
This shows that ' = f”.

It thus remains to show that a factorization f’ satisfying f'om = f exists. Using
the universal property of the free abelian group F'(A x B) (i.e. free Z-module), see
Proposition 1.1.10, the morphism of sets f: A x B — D determines a morphism of
abelian groups f: F(A x B) — D. For ay,a; € A and b € B, we have

f(lar + az,0)) = f((a1 + az,0)) = f((ar,0)) + f((az,0)) = f((ar,0) + (az,0)),

where the second equality follows from f being bilinear. It follows that

f((a1 + ag,b) — (a1,b) + (az,b)) = f((a1 + az, b)) — f((a1,b) + (az,0)) =0

where the first equality follows from f being a morphism of abelian groups. Similarly,
one shows that f((a,b; + by) — (a,b1) + (a,by)) = 0 for all a € A and by, by, € B.

This show that the composite of f with the inclusion R C F(A x B) vanishes.
By the universal property of the cokernel F'(A x B)/R, there exists a unique mor-
phism of abelian groups f': F(A x B)/R — D satisfying that the following diagram
commutes:

Ax B

(a,b)H(a,b)\
" F(A x B) ! D

_ 5
-7

l Ty

F(Ax B)/R
We thus have f' o7 = f, as desired. O

Lemma 1.6.6. The tensor products forms a functor

(1) ® (-): Abx Ab — Ab .
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Proof. Given f: A — A’ and g: B — B’, we obtain a bilinear morphism A x B ),
A'xB' 5 A’®B’, inducing a morphism f®g: A B — A’® B’. Using the universal
property of the tensor product, one readily checks that this extends to the desired
functor (-) ® (-). O

Example 1.6.7. The bilinear morphism of abelian groups
T LXZ—1Z, (a,b)r—a-b

exhibits Z as the tensor product Z ® Z:
Let D be an abelian group and f(-,-): Z x Z — D a bilinear morphism. Then
f(-,-) is a Z-module homomorphism in each entry and thus for any i, j € Z, we have

f(Z,j):Z]f(l,l)

Any morphism of abelian groups f’: Z — D is determined by f/(1) € D via the
relation f’'(i) =14 - f'(1). The condition

fl.3)=1i-5-f,1) = from(i,j) = fiixj)=i-j-f(1)

shows that f = f’ o7 holds if and only if f'(1) = f(1,1). This shows the desired
unique factorizaton.

Remark 1.6.8. We will prove further below that Z © Z" ~ Z"U*)) for any two
sets I, J.

Consider two abelian groups A ® B with tensor product 7: A x B - A® B.
Each pair (a,b) € A® B determines an element a ® b :== 7(a,b) € A® B. Elements
of this form are sometimes referred to as pure tensors in A ® B. Not every element
of A® B must be of this form. The construction of A ® B in Lemma 1.6.5 however
shows that every element of A ® B can be written as a finite sum of pure tensors.

1.6.2 The tensor product of bimodules

Remark 1.6.9. Given a ring R and a left R-module M, the left action Rx M — M
is bilinear. It thus determines (and is determined by) a morphism of abelian groups
pw: R@ M — M. If M is instead a right module, we similarly denote the induced
morphism p: M ® R — M by pu.

Definition 1.6.10. A coequalizer in a category is the colimit of a diagram in-
dexed by the category Z with two objects 0,1 and Homg(i,7) = {idz}, i = 0,1,
Homz(0,1) = % II x and Homg(1,0) = 0.

% 1

Z: 0*>

We note that Ab admits colimits by Lemma 1.3.21 and thus also coequalizers.
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Definition 1.6.11. Let R be a ring, M a right R-module and N a left R-module.
Then R-linear tensor product M ®r N € Ab is defined as the tip of the following
coequalizer cocone in Ab

idy ®@p P
MR@RRXIN —X MN —— M®rN

pid N
Given x € M, y € N, we also write 1 @z y = p(z @ y) € M @p N.
We note that the morphism p in Definition 1.6.11 is an epimorphism.
Remark 1.6.12. In the setting of Definition 1.6.11, let r € R,z € M,y € N. Then

(1) Qry =2 (r-y).

This follows from evaluating the equality of morphisms po (p®idy) = po (idy ®pu)
atz@ryeMR®N.

Example 1.6.13. Every abelian group is a left and right Z-module. For two abelian
groups A, B, we have A®; B~ A® B.

In the case that R is commutative, we can equip the R-relative tensor product
with an R-module structure. This will follow from a more general construction
involving bimodules.

Definition 1.6.14. Let R, S be two rings. An R-S-bimodule consists of an abelian
group M, together with a left R-action R x M — M and a right S-action M x S —
M, exhibing it as a left R-module and a right S-module, satisfying that

(r-m)-s=r-(m-s)
forallr € R,me M,and s € S.

Definition 1.6.15. Given two ring R,S, we denote by grBiModg the category
with objects given by R-S-bimodules and morphisms given by morphisms of abelian
groups which commute with both the left R-action and the right S-action.

Remark 1.6.16. The category rBiModg is abelian and the forgetful functors
rBiModg — LModgr and grBiModg — RModg are exact.

Example 1.6.17. Let R be a commutative ring. Then each left R-module M admits
a canonical structure of an R-R-bimodule: Since R is commutative, R = R°P, and
so M admits a right R-action M x R — M, given by m-r :=r-m for r € R and
m € M. These two actions define the R-R-bimodule structure on M: for ri,75 € R
and m € M, we have

r1-(m-re) =ry-(re-m)
= (ryrg) - m

27”1)'m

(r
2+ (r1-m)
(ry-m)-rqg.
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Equipping a left R-module with the above R-R-bimodule structure defines an
exact fully faithful functor LModg — rBiModg. The category LModp is isomorphic
to the full subcategory of gkBiModpg consisting of R-R-bimodules M, where r-m =
m -7 for all m € M and r € R.

Lemma 1.6.18. Let R, S be rings. Let A € LModgr and B € RModg. Then there
exists a canonical R-S-bimodule structure on A ® B, satisfying that r - (x @ y) =
(r-z)@yand (z®y)-s=x®(y-s) forre R, se€ S, x €A, andy € B.
Further, any two morphism f: A — A" in LModg and g: B — B’ in RModg extend
to a morphism of R-S-bimodules A ® B 199, 4o B,

Proof. We only describe the right S-action on A ® B, the construction of the left
R-action is similar. Let s € S. The morphism (-) - s: B — B,b + b- s is linear.
Hence, the composed morphism

idg X(—)'S

Ax B AxB-5A® B

is bilinear. Using the universal property of the tensor product, this determines a
morphism of abelian groups, denoted ida ®((-) -s): A® B - A® B. We define
the morphism of sets m(-,-): (A® B) x S — A ® B, by the assignment (z,s) —
m(z,s) =ida ®((-) - s)(z). By construction, m(-,-) is linear in the first entry. Given
s,s' € S, we have
() s+ ()8 =) (s+5): B> B

and thus also ids ®((-) - s) +ida ®((-) - &) = ida ®((-) - (s + &’)). Evaluating this
equality at any = € A ® B shows that m(-,-) is linear in the second entry.

The left R-action and the right S-action on A ® B are compatible in the sense
of defining a R-S-bimodule structure: on pure tensors, we have

(r-(z@y)-s=((r-z)0y)-s=-2)2y-s)=r-(t2y)-s).

Since pure tensors generated A ® B, the compatibility of actions also holds on
arbitrary elements of A ® B.

The morphism f®g: AQB — A'® B’ is constructed using the universal property
of the tensor product. That it commutes with the left R-action and the right S-
action can be checked on pure tensors, where (f ® g)(z ® y) = f(x) ® g(y), and the
compatibility with the actions is clear. O]

Remark 1.6.19. Let R, S, T be rings.

(1) Let M € grBiMods. The compatibility of the left R-action and the right S-
action on M implies that the morphism p: R ® M — M lifts to a morphism in
RMOds.

(2) Let M € gBiModg and N € ¢BiMody. Applying Lemma 1.6.18 in the case
A=M,B=S®N,B =Nand f =pu:S®N — N, we find that the
morphism of abelian groups idy; ®u: M @ S®@ N — M ® N lifts to a morphism
in rkBiModr. A similar statement holds for u ® idy.
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Definition 1.6.20. Let R, S, T be rings, M € gBiModg and N € ¢BiMody. Then
M ®g¢ N € grBiModr is defined as the tip of the following coequalizer cocone in
RBiMOdTI
idy Qu p

M@S@NﬁM@N&M@SJ\I (13)
Remark 1.6.21. Let R be a commutative ring, M € RModr C rBiModg and
N € RModg >~ LModgr C gBiModg. Then the R-relative tensor product M @ g N €
rBiModg lies in the full subcategory LModg C grBiModgr. The relative tensor
product M ®pg N is in this case considered as an R-module, i.e. M ®z N € LModpg.

Unraveling the construction of the relative tensor product over a commutative
ring, one finds the following universal property. This may be reminiscent to linear
algebra, where the tensor product of vector space (i.e. modules over a field) was
introduced this way.

Proposition 1.6.22 (Universal property of the tensor product over a commutative
ring). Let R be a commutative ring and M, N € LModg. Then there exists a R-
bilinear morphism w: M XN — M®grN such that for any other R-bilinear morphism
f: MxN — D, with D € LModg, there exists a unique morphism f': MQrN — D
in LModg satisfying that f'om = f.

Proof. Omitted. O

Lemma 1.6.23. Let R, S,T be rings. Then the S-relative tensor product forms a
functor
(‘) XKs (—)Z rBiModg x sBiModr — rBiMody .

Specializing to T = 7, an R-S-bimodule M thus defines a functor
M Xg (—): LMOdS — LMOdR .

Proof sketch. Using the functoriality of the tensor product of abelian groups (1.6.6),
we obtain a morphism between the coequalizer diagrams, see (13), which induces a

morphism between the coequalizers. This morphisms gives rise to the functoriality.
m

1.6.3 Adjunctions

Definition 1.6.24. A natural transformation n: F' — G is called a natural isomor-
phism if there exists a natural transformation p: G — F' such that g on ~ idr and

no =~ idg.

Remark 1.6.25. A natural transformation n: FF — G, with F;G: € — D, is a
natural isomorphism if and only if 7, : F(z) — G(z) is an isomorphism in D for all
r € C.
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Definition 1.6.26. Let C, D be a categories. A pair of functors F': € «— D :G is
called an adjunction if there exists a natural isomorphism of functors

®: Homp(F°P(-),-) ~ Home(-, G(-)): € x D — Set .

In this case, we also call F' the left adjoint of G, G the right adjoint of F', and write
F 4 G. Given z € € and y € D, we denote by

P, ,: Homp(F(z),y) ~ Home(z, G(y))
the arising bijection of Hom sets.
Example 1.6.27. Let R be a ring. Then there is an adjunction
R®O): Set +— LModp :U

where U is the forgetful functor, mapping an R-module to its underlying set. This
amounts to the statement that the bijection

Homyvod, (R®!, M) =~ Homge (I, U(M))
from Proposition 1.1.10 is natural in / and M.

Remark 1.6.28. The naturality of ® in Definition 1.6.26 amounts to the commu-
tativity of the following two squares for all f: x — 2’ and g: y — ¥/:
D, v
Homa(F(2'),y) —% Home(', G(y))
(-)OF(f)J J(-)Of
D,y
Homqp (F(x),y) —— Home(z, G(y))

Homa (F(z),y) —=% Home(z, G(y))

go(-ﬂ Jam)o(-)

D
HOHI@(F(ZL‘),Z/) % HOHI@(.T,G(Z.//))
Evaluating the first square at a morphism h: F(z') — y, we obtain
®(h)o f = ®(ho F(f)) (14)

where we have omitted the indices of ® to simplify the expression. Similarly, evalu-
ating the second square at h: F(z) — y, we obtain

G(g) o ®(h) = P(goh). (15)

We next describe an equivalent characterization of adjunctions, in terms of unit
and counit natural transformations. For this, we will need to introduc the whiskering
of natural transformations.
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Remark 1.6.29. Let F, F': C — D, F: B — Cand G: D — & be a functor. Given
a natural transformation n: FF — F’, we can produce a new natural transformation
n+E: FE — F'E, given by the family of morphisms {ng): FE(x) = F'E(z)}.es.
Similarly, we can produce a natural transformation Gxn: GoF — GoF”| given by the
family of morphisms {G(n,): GF(y) — GF'(y)}yee. These natural transformations
n* E, G xn are also referred to as the whiskering of n and E or G.

Definition 1.6.30. Let C, D be a categories and consider a pair of functor F': C +—
D :G. A pair of natural transformation e: ide — GF and n: FFG — idp are called
the unit and counit of F,G if together they satisfying

(n*x F)o (Fx¢)=idp (16)

and
(Gxn)o(exG)=idg . (17)

The two conditions (16) and (17) are referred to as the triangle identities and
can be depicted as follows:

FGF GFG

Fxe nxF G Yv
idp ide

F G

F G

Proposition 1.6.31. A pair of functor F': C <— D :G forms an adjunction if and
only if there exist unit and counit transformations e€: ide — GF and n: FG — idyp.

Proof. We first suppose that F, G form an adjunction with natural equivalence ¢.
We begin by constructing the corresponding unit and counit. For x € €, define

€x = @xyp(x)ﬁdp(x)): T — GF(%) .

Then € = (€;)zee: ide — GF forms a natural transformation: let a: x — 2’ be a
morphism in €. Then the commutativity of the diagram

r —* GF(7)
o lGF(a)
y —— GF(y)

follows from ) )
GF (o) o @(idp)) = ®(F(a)) = P(idpw)) o a.

For y € D, we define
My = Py, (daw): FG(y) =y

and conclude from a similar argument as above that n = (1,)yen: FG — idp also
forms a natural transformation.
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Given a morphism f: F(x) — y, Equation (15) states that ®(f) = G(f) o €,.
Similarly, applying ®~! to Equation (14), we find that for g: # — G(y), we have
d~'(g) =ny, 0 F(g). Given a unit and counit for F, G, we can define ® and ! via
these equations. The naturality of ® then readily follows from the naturality of e.

Finally, it remains to note that ® and ®~! are inverse bijections if and only if
the triangle identities hold. Indeed, for f: F(z) — y, we have

7N (Q(f)) = naq) © F(G(f) o €x) = fongu o Fle),

where the second equality follows from the naturality of n¢(y), and for g: x — G(y),
we similarly have

@(@71(5])) = G(Uy oF(g))o €r(z) = G(ﬁy) O€F@)©°4-
O

Definition 1.6.32. Let F': C <> D :G be an adjunction. The adjunction is called
an adjoint equivalence if the unit and counit are natural isomorphisms.

Remark 1.6.33. Consider a pair of functor F': € — D and G: D — € satisfying
that there exists natural equivalences F'G ~ idp and GF ~ ide. In this case, F,G
are called equivalences of categories. If F,G are equivalences of categories, they can
be equipped with unit and counit transformations exhibiting them as an adjoint
equivalence.

Every isomorphism of categories is an equivalence of categories, but the notion
of equivalence of categories is weaker. Isomorphic (small) categories have same sets
of objects. Equivalent categories in general do not: the category Vectffd of finite
dimensional vector spaces over a field k is equivalent to its full subcategory given
by vector spaces of the form £ n > 0.

Remark 1.6.34. If a functor F': € — D admits a right adjoint, the right adjoint
is unique up to natural isomorphism. Given two right adjoints G,G’, the natural

isomorphism between them is given by G LNVl NeliiNyel

Exercise 1.6.35. Consider an adjunction F': € <— D :G. Then F preserves all
colimits which exist in € and G preserves all limits which exist in D.

1.6.4 The tensor-hom adjunction

Proposition 1.6.36. (1) Let A be an abelian group. Then there exists an adjunc-
tion
(-)® A: Ab +— Ab :Hompyy(A4,-).

(2) Let R be a commutative ring and M an R-module. Then there exists an adjunc-

tion
M ®g (-)I LMOdR — LMOdR IHOIHR(M,—) .
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(3) Let R, S be rings and M be an S-R-bimodule. Then there exists an adjunction
M ®pg (-): LModg «— LModg :Homg(M,-).

We note that r € R acts on f € Homg(M, N) from the left via (r - f)(m) =
f(m-r) forallme M.

Proof. We note that (2) is a special case of (3), obtained from considering the left
R-module M as a bimodule as in Example 1.6.17. In turn, part (1) is a special case
of (2), corresponding to R = Z, and switching from left modules to right modules.

We will however first prove part (1), and then sketch how part (3) follows from
this. Let A, B,C be abelian groups. We show that (-) ® B - Homyy(B,-). We
denote by BiLin(A, B;C) C Homge (A X B,C) the subset of bilinear morphisms.
The universal property of the tensor product yields a bijection

@)y o+ Homup(A® B; C) ~ BiLin(A, B; C).
We next describe a bijection
<I>12470: BiLin(A, B; C') ~ Homay, (A, Homa,(B, C)).

Given a bilinear morphism f(-,-): A x B — C, we define the morphism of abelian
groups
@i,c(f)3 A — Homu,(B,C), aw— f(a,-).

Conversely, given a morphism of abelian groups ¢g: B — Homyy, (A, C'), we obtain a
bilinear morphism

Ax B —C, gl(a,b)=g(a)d).

These assignments are inverse to each other, showing that ®7% - is a bijection.
It remains to check that the bijection

Dy o= D% o0 Pl o: Hompp(A ® B; C) ~ Homap (A, Homyy (B, €))

is natural in A and C. This amounts checking that for a morphism A" — A and a
morphism C' — C’, the following diagram commutes:

oL ®2
Homap(A ® B; 0) —=% BiLin(A, B; ') —=“- Homay (A, Homyy, (B, C))

| L, |

Hom (A’ @ B; C") —2% BiLin(A', B; C") —~% Homuy(A’, Homy(B, C"))
This is readily checked on individual maps.

It thus remains to prove part (3). We give a proof sketch. We want to describe
an isomorphism

Homg(M ®r X,Y) ~ Homg(X, Homg(M,Y)),
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natural in X € LMod} and Y € LModg. We have Homg(M,Y) C Homuy,(M,Y),
and thus

Hompg (X, Homg(M,Y)) C Homay, (X, Homg(M,Y')) C Homap (X, Homa,(M,Y)) .
We also have inclusions
Homg(M ®r X,Y) C Homg(M ® X,Y) C Hompp(M @ X,Y),

where the first inclusion is obtained by precomposition with the epimorphism M ®
X — M ®g X. It is an inclusion by the universal property of the cokernel. The
natural bijection ® restricts to a commutative diagram

HomS(M Xpr X, Y) — HomS(M®X, Y) — HOHlAb(M®X, Y)

J» J» J»

Hompg(X, Homg(M,Y)) —— Homup(X, Homg(M,Y)) —— Hompy, (X, Homap(M,Y))

as one checks on individual maps. The left vertical natural bijection yields the
desired adjunction. O]

Corollary 1.6.37. Let R, S be rings and M be an S-R-bimodule
(1) The functor M Qg (-): LModg +— LModg is right exact.

(2) Let (N;)jes C LModg be a family of R-modules. Then
M®R @NJ 2@<M®RN])
j€J j€J
Proof. That a left adjoint is right exact is shown on sheet 7. The second part (2)

follows from left adjoints preserving colimits. ]

Definition 1.6.38. let R, S be rings and M be an S-R-bimodule. Then M is called
flat if M ®g (-) is a left exact functor.

Note that an abelian group A is called flat if A® (-): Ab — Ab is also left exact
(since Ab ~ LMody).

Example 1.6.39. Let ¢: R — S be a ring homomorphism. Then S is an S-R-
bimodule, where the action of r € R on s € S is given by s -7 = s ¢(r). The left
S-action on S is given by multiplication in S. Then there is an adjunction

¢ =S ®g (-) LModg <— LModg :Homg(S,-) = ¢*.

The functor ¢* is sometimes called the restriction of scalars.
Note that ¢ maps free R-modules to free S-modules. For ¢: Z — Q, the functor
¢ maps Z to Q and

(227 ~ ¢\ (coker(Z 2 7)) ~ coker(Q 3 Q) ~ 0,

since left adjoints preserve cokernels.
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Proposition 1.6.40. Let R be a ring and I,.J be sets. We consider R as an R-R-
bimodule. Then R®!' @p R®/ ~ R®UIXJ)) ¢ LModp.

Proof. Using part (2) of Corollary 1.6.37, and the symmetry of the considered tensor
product, we can reduce to the case I = J = %. The functor Homg(R,-): LModr —
LModp is naturally isomorphic to the identity: given a left R-module M, we have
Hompg(R, M) ~ M, via the assignment (f: R — M) — f(1g). By the uniqueness of
adjoints, the left adjoint R®p(-) of Hompg(R, -) is therefore also naturally isomorphic
to idrmod,- This shows that R @ R >~ R. O

2 Derived functors

In this section, we will introduce derived functors of left or right exact functors.

We motivated the derived functor of the Hom functor in Section 0, see in particu-
lar Theorem 0.23: the derived functor allows to measure the failure of the exactness
of the functor. In this chapter, we will systematically develop their theory along the
following lines:

o We will introduce projective and injective objects in abelian categories. Ad-
ditive functors preserve short exact sequences of projective/injective objects,
since these split.

o We obtain the left derived functor of a right exact functor by applying the
functor to projective resolutions. The arising collection of functors comes with
a LES for each SES.

o We then study different examples of derived functors:

— The derived functor of the Hom functor is called Ext*. We will relate
Ext® with extensions.

— The left derived functor of the tensor product functor is called Tor, (be-
cause in the case € = Ab it measures torsion).

— The left derived functor of the fixed points functor for group actions (limit
functor over BG) is called group cohomology.

o Finally, we introduce quivers and their representations, and exhibit different

identities for Ext-groups of quiver representations.

2.1 Projective and injective objects
2.1.1 Definition and properties
Definition 2.1.1. Let € be an abelian category.
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(1) An object P in C is called projective if for every epimorphism p: B — C and
morphism ~v: P — C, there exists a morphism $: P — B with po 8 = 7,
meaning that the following diagram commutes:

J2
= |y
BT, C 0

We also call 5 a lift of v along p.

(2) An object I in € is called injective if for every monomorphism i: A — B and
morphism a: A — I, there exists a morphism 5: A — [ with Soi = a, meaning
that the following diagram commutes:

0 A+ B

al ///
38
1

Proposition 2.1.2. Let R be a ring. Then for an R-module P € LModg, the
following are equivalent:

(1) The module P is projective.
(2) The module P is a direct summand of a free R-module.
(3) The functor Home(P,-): € — Ab is exact.
(4) Every short exact sequence in C of the form
0—+A—-B—-P—=0
splits.

Proof. (1) = (3): Suppose that P is projective. Let 0 — A L BLC S 0bea
short exact sequence in LModg. Since Hompg(P,-) is left exact, the sequence

0 — Homp(P, A) L% Homp(P, B) 2 Homp(P, C)

is exact. To extend the above to a SES, we must show that Hompg(P, B) 920,
Hompg (P, C) is an epimorphism. This follows directly from the lifting property of
the projective P, since ¢ is an epimorphism.

(3) = (1): Suppose that Homg(P,-) is exact and let p: B — C be an epimor-

phism. Then Homg(P,p): Homg(P, B) — Homg(P,C) is also an epimorphism by
the exactness of Hompg(P,-). Thus any morphism v € Hompg(P,C) admits a lift
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S € Hompg(P, B) satisfying that p o 5 = Homg(P, p)(83) = 7.

(1) = (2): Let M be a projective left R-module. Then there exists an epimorphism
p: R®M — M in LModg. The identity idy: M — M admits a lift along p to a
morphism 3: M — R®M. Since Bop = id,, we see that 3 is a split monomorphism,
showing that M is a direct summand of R®M.

(2) = (3),(1): We first show that free left R-modules are projective. Let R®’
be a free left R-module with basis {¢(j)};es, with ¢: J — R®/ as in the proof of
Proposition 1.1.10. Consider a morphism v: P — (' and an epimorphism p: B — C.
For each object ¢; = v(u(j)) € C, j € J, choose a preimage b; under 3. Then by
Proposition 1.1.10, there exists a unique R-module homomorphism 3: R®/ — B
with £(¢(j)) = b;. Then po 3 =, as desired.

Let M C R®’ be a direct summand of a free left R-module with direct sum
complement N. We now show that M is projective. Given a SES

0-ALBLC—0 (18)

in LModg, since M & N is free, we obtain an exact sequence

0 — Homp(M @ N, A) 2 Homp(M @ N, B) 2% Homp(M & N, C) — 0. (19)

We note that Homg(M & N, X) ~ Homg(M, X) ® Homg(N, X) for all X € C. The
above sequence is thus the direct sum of the two sequences

0 — Homp(M, A) 2°% Homp(M, B) 2% Homp(M, C) — 0

and

0 — Homp(N, A) 22 Homp(N, B) 2% Homp(N, C) — 0

which must each be exact for the sequence (19) to be exact. We thus find that
Hompg(M,-) is an exact functor.

(1) = (4): Let p: B — P be an epimorphism. Then lifting idp along p yields a
section s of p. Thus, any short exact sequence 0 -+ A — B — P — 0 splits.

(4) = (2): Choose an epimorphism p: R®! — P. Then the short exact sequence
0 — ker(p) — R®! — P — 0 splits, meaning that P is a direct summand of R®!. [

Remark 2.1.3. The proof of Proposition 2.1.2 shows that in any abelian category
C, an object P is projective if and only if Home(P,-): € — Ab is exact. It will
follow from later results that this is also the case if and only if every short exact
sequence 0 - A — B — P — 0 in C splits. This means that (1) <= (3) < (4)
as in Proposition 2.1.2 holds in any abelian category.

Example 2.1.4. (1) An abelian group A is projective iff it is free and injective iff
it is divisible, meaning that for each z € A and n > 0, there exists b € A with
b-n = a. Both these characterizations are non-trivial assertions.
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(2) Let k be a field. Then every k-module is free and thus projective in LMody.

(3) Let M« (k) be the ring of n x n-matrices valued in the field k. Then M, (k)
is the direct sum M, ., (k) = (k™)%™ of n modules k®" (column vectors), on
which M, (k) acts by left matrix multiplication. Thus, k*™ € LMod, ., ) is
projective but not free.

Considering k®™ as a M,,y,,(k)-k-bimodule (with the right k-action component-
wise), we obtain a functor

E®n (S (—)2 LMod;, — LMOdMan(k) .

One can show that k%" ®; (-) is an equivalence of categories. The property
of being a projective object is preserved under such equivalences of categories,
and so every M, ,(k)-module is projective. The property of being free is not
preserved by the equivalence of categories.

Definition 2.1.5. Let € be an abelian category and M € C.

(1) A left resolution P, of M consists of a chain complex P, concentrated in positive
degrees, together with an augmentation map e: Py — M, such that the chain
complex

PSP LS M0

is exact. We write P, — M for left resolutions. If P; is projective for all ¢+ > 0,
we call P, — M a projective resolution.

(2) A right resolution I* of M consists of a cochain complex I* concentrated in
positive degrees, together with an augmentation map e: M — I°, such that the
cochain complex

0-MSPL 42,y
is exact. We write M — I* for right resolutions. If I’ is injective for all ¢ > 0,
we call M — I* an injective resolution.

2.1.2 The Fundamental Lemma

Theorem 2.1.6 (Fundamental Lemma of Homological Algebra). Let C be an abelian
category, M, N € C, and f: M — N. Let further eyr: P. — M be a projective
resolution and ey : Q. — N a resolution (not necessarily projective).

(1) There exists a chain map f.: P. — Q. extending f, meaning that the diagram

P, Py —2 s M

Jh Jfo Jf

Ql QO = N

commutes.
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(2) Any two chain maps fs,g.: P« — Q. extending f are chain homotopic.

Proof. Since Q. — N is a resolution, the augmentation map ey: Qg — N is an
epimorphism. Since F, is projective, the morphism f o €y,: Py — M thus admits a
lift, denoted fy, along ex: Qg — N:

Py -5 M
AN
for  fooem f

v ex ¢
Qo N 0

Using the universal property of the kernel, the kernels of €/, eny assemble into a
commutative diagram as follows:

di’
1
J,fé lfo Jf
(d)°>" o .
Q1 w Qo N
g

1

We also used the exactness of the resolutions to obtain the factorizations of d, d
through their images. We note that (d?)epi is an epimorphism, so that we can lift
fho(d¥)P along (d?)epi to a morphism fi: P, — Q1, satisfying that d¥o f; = food?.

To construct the further morphisms f;: P, — @Q;, 1 > 2, one proceeds as above,
factorizing d?, d? through their images and using the lifting property of the projec-
tive object P;.

We turn to the proof of part (2). Let f., g. be two chain maps extending f. Then
f« — g« extends 0: M — N, and it suffices to show that f, — g, is null homotopic.
We thus assume that f = 0 and show that any chain map f, constructed as above

is nullhomotopic. For this, consider the following commutative diagram:

P ~ b M

i

01 < m(d?) = ker(ey) —3 N
Qo

For this, we used the image factorization of d?, and the exactness of the resolution,
to factor fo: Py — Qo through Im(d¥) = ker(ey) (calling the factorization f}). Since
the morphism @)1 — Im(d?) is an epimorphism, and F, projective, we can lift f;
along it, yielding the morphism Hy: Py — (. It satisfies that d? o Hy = fo.
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To proceed, we observe that
df(fi—Hyodf) =d?o fi —d o Hyod{ =df o fy = fyod =0,

since f, is a chain map. We can thus reapply the above argument, using the factor-
ization

Py > Py P
Hf{l,/”’/(fl—H‘oodf)' 0
Qr s Im(d9) = ker(d?) —— Q
a3 J a9
@1
of fi —Hoodf. Then dgoHl = fi —Hoodf, meaning that f; = dgoHl—l—Hoodf.
Iterating this argument yields the desired null homotopy H, of f,. O

Definition 2.1.7. Let € be an abelian category. We say that € has enough pro-
jectives if for every object M of € there exists a projective P and an epimorphism
p: P — M. We say that € has enough injectives if for every object M there exists
a monomorphism ¢: M — I with [ injective.

Example 2.1.8. For any ring R, the abelian category LModg has enough projec-
tives. It also has enough injectives, but this is a non-trivial assertion.

Lemma 2.1.9. Let C be an abelian category with enough projectives. Then every
object of C admits a projective resolution. Dually, if C admits enough injectives,
then every object of C admits an injective resolution.

Proof. Let M € €. Then there exists an epimorphism e: Py — M with F, projective.
We next choose an epimorphism P; — ker(¢e) with P, projective and define d;: P, —
Py as the composite P; — ker(e) — Fy. We then iteratively define the projective P
via a choice of epimorphism P; — ker(d;_1). By construction, the chain complex

—>P2—>P1—>P0i>M

is exact. O

2.1.3 Enough injectives in LModg

The goal of this section is to prove the following:
Theorem 2.1.10. Let R be a ring. Then LModg has enough injectives.

Lemma 2.1.11. Consider an adjunction F: C < D :G between abelian categories
with F exact. Let I € D be injective. Then G(I) € C is also injective.
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Proof. We show that Home(-, G(I)): €°° — Ab is exact, which implies that G(I)
is projective in C°P i.e. injective in €. Since Home(-, G(I)) is left exact, it suffices
to show that that it preserves epimorphisms (meaning it maps epimorphisms in C°P
to epimorphisms in Ab). Let f: A — B be a monomorphism in €. The bottom
morphisms in the commutative diagram

Home (B, G(I)) “ L5 Home(A, G(I))

! )

Homo (F(B), I) 2" Homa (F(A), )

is an epimorphism, since [ is injective. Thus, so is also the top morphisms. O

We next describe the adjunction to which we will apply the above lemma. Let
R be a ring and let F': LModr — Ab be the forgetful functor. We established in
Proposition 1.3.10 that the functor F' is exact. Considering R as a Z-R-module,
and omitting the isomorphism of categories Ab ~ LMody, we can identify F' with
the functor R ®p (-). Its right adjoint is thus by Proposition 1.6.36.(3) given by
Homup(R,-): Ab — LModg. Lemma 2.1.11 shows that Homuy (R, -) maps injective
abelian groups to injective R-modules.

Example 2.1.12. The abelian group Q/Z is injective, since it is divisible. Thus
Ir = Homu,(R,Q/Z) € LModp is injective.

Lemma 2.1.13. Let R be a ring and M a left R-module. Then the canonical
morphism i: M — [ltomy(m,15) [r P LModg is a monomorphism.

Proof. We fix 0 ## m € M and show that there is an R-module homomorphism
g: M — Ig such that g(m) # 0. This shows that the kernel of i is trivial, meaning
that ¢ is a monomorphism.

We first consider the abelian subgroup (m) of M generated by m (this subgroup
is isomorphic to either Z or Z/nZ for some n > 1). We define the non-zero morphism
a: (m) = Q/Zby a(p(1)) = 5 if ¢: Z ~ (m) and by a(¢(1)) = L if ¢: Z/nZ ~ (m).

Using that Q/Z is injective, we can find a lift 8 as follows:

(m) —— M

.
.
p
.
o s
K’ B

Q/zZ

We define g: M — Igr by n +— (r — [(r-n)). One readily checks that g is an
R-module homomorphism. We find that g(m)(1g) = 5(m) # 0, so g(m) # 0. O

Proof of Theorem 2.1.10. Let M be a left R-module. We note that any product of
injective objects is injective. Thus [gomy(a,1,) [r 18 injective. The monomorphism
¢ from Lemma 2.1.13 thus shows that LModg has enough injectives. O
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2.2 Derived functors
2.2.1 Definition and the LES
Definition 2.2.1. Let €, D be abelian categories.

(1) Let F': € — D be a right exact functor and assume that € has enough projec-
tives. Then for M € D and n > 0, define L,,F'(M) € D as

L,F(M) = H,(F(P,))
with P, — M a projective resolution.

(2) Let F': € — D be a left exact functor and assume that € has enough injectives.
Then for M € D and n > 0, define R"F (M) € D as

R"F(M) = H"(F(I"))
with M — I* an injective resolution.
The above definition is well defined:

Proposition 2.2.2. Let F': C — D be right exact and assume that C has enough
projectives.

(1) For any M € C, the object L,F(M) is independent on the choice of projective
resolution P, — M, up to isomorphism in C.

(2) The assignment M +— L,F(M) defines a functor L,F(-): € — D, called the
n-th left derived functor of F.

(8) There exists a natural isomorphism LoF ~ F: C — D.

If F is instead left exact and C has enough injectives, similar assertions hold for the
n-th right derived functor R"F: C — D.

Proof. Let M € € and consider two projective resolutions P,, Q. — M. Applying
Theorem 2.1.6.(1) twice, we can lift the identity idy;: M — M to a chain maps
fe: P — Q, and g,: Q. — P.. We note that g, o f,: P, — P, extends the identity
on M, as does idp,. By Theorem 2.1.6.(2), we find that g, f. is chain homotopic to
idp,. A similar argument shows that f,g. is chain homotopic to idg,. Thus, f, is a
chain homotopy equivalence. Using that additive functors preserve chain homotopy
equivalences (by applying the functors to the involved homotopies), we find that the
chain map F(f.): F(P.) — F(Q.) is thus again a chain homotopy equivalence. It
follows that H;(F(f.)): H;(F(P.)) — H;(F(Q,)) is an isomorphism, showing part
(1).

We turn to the construction of the functor L,F(-). Let f: M — N be a
morphism in €. Choosing two projective resolutions P, — M and Q. — N,
we can lift f to a chain map f.: P, — Q. by Theorem 2.1.6.(1). We define
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LoF(f) = Ho(f.): LaF(M) = Hy(P,) — L,F(N) = H,(Q.). This is well de-
fined: a different choice of lift g, of f is chain homotopic to f, by Theorem 2.1.6,
and thus H,(f.) = H,(g«) by Lemma 1.5.19.

This defines a functor: We first note that L, F(idy,) = idy, F(M), since idp, is a
lift of idy;. Next, consider two morphisms f: M — M’ and g: M’ — M" in C and
projective resolutions P, — M, P, — M', P’ — M". Consider two lifts of f, g to
chain maps f,: P, — P/ and g,: P, — P!. Then g, o f, is a lift of g o f, and thus

LnF(go f) = Hn(gs© fi) = Hn(g:) 0 Hy(f.) = LnF(g) 0 LnF(f), since Hy(-) is a
functor. This concludes the proof of part (2).

We turn to proof of part (3). Let e: P, — M be a projective resolution. Applying
the right exact functor F' to the exact sequence

PP S M0

yields an exact sequence

F(P) 2 pepy) 29 F(an) — 0.

This induces an isomorphism 7y : LoF' (M) = F(FPy)/Im(F(dy)) ~ F(M). These
isomorphisms assemble into a natural transformation 7 = (7,)zece: Given a mor-
phism f: M — N, we lift f to a chain map f,: P, — @, between projective
resolutions of M, N. The commutativity of the diagram

Fr) 2, PRy —— F(M)

lFun lFuw JFU)
F(d?)
F(Q1) —— F(Qo) —— F(N)

implies the commutativity of the arising square

F(Py)/Im(F(d})) —— F(M)

HO(f*)=LoF(f)J iF(f)

F(Qo)/Im(F(df)) —=— F(N)
showing the desired naturality. ]
Remark 2.2.3.
(1) If F'is an exact functor, then L,F' ~ 0 and R"F ~ 0 for all n > 0.
(2) If P € C is projective, then

F(P) n=
0 n >0

L,F(P)~ {
for any right exact functor F'.
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Theorem 2.2.4. Let C,D be abelian categories.

(i) Let F': C — D be right exact and assume that C has enough projectives. Then
for any SES in C
0-A—-B—->C—0 (20)

there exists a LES in D:

o= Lo (C) - L F(A) —» L1 F(B) —» ILWF(C) - F(A) —» F(B) — F(C) =0
(21
Assinging to the SES (20) in C the LES (21) in D defines a functor SES(C) —
LES(D). This fact is also referred to as the naturality of the LES.

(ii) Let F': € — D be left exact and assume that C has enough injectives. Then for
any SES in C
0—-A—-B—-C—=0

there exists a LES in D:
0— F(A) = F(B) = F(C) — R'F(A) - R'"F(B) — R'F(C) — R*F(A) — ...

Similar to above, the assignment of this LES defines a functor SES(C) —
LES(D).

Lemma 2.2.5 (Horseshoe lemma). Let C be an abelian category and 0 — M —
M — M" — 0 a SES in C. Let e: P, — M and €': P! — M" be projective
resolutions. Then there exists a projective resolution € : P, — M’ fitting into a SES
in Ch(C)

0—-P, —-P —P'—=0

extending the SES 0 — M — M’ — M" — 0, meaning that the diagram

P, P Py
Py P, Py
M M/ Ml !

commutes.

Proof. We set P/ = P, @ P! for all ¢ > 0 and must assemble these into a chain
complex fitting into a SES 0 — P, — P, — P/ in Ch(C). In each degree, the
morphisms P, — P, and P, — P! will be given by the apparent inclusion and
projection.
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Using that M’ — M" is an epimorphism, we can find a lift e5: B} — M’ of €.
We define ¢,: Py — M’ as the composite of ¢: Py — M with M — M’. We set
€ = (e1,62): Py ® Py — M’'. We can illustrate these definitions via the following
diagram (note that one of the triangles does not commute in the diagram!):

P()‘—>P0@P6/*»P6/

Je x l(61,62/)///6/2 le//
g

M M/ M//

Applying the snake lemma, and using that coker(e) = coker(e”) = 0, we find that
coker(€¢’) = 0, meaning that €' is an epimorphism. The snake lemma further supplies
us with the middle exact sequence in the following diagram:

Pl‘—>P1@P1H—>iP1”

| e
- d =(dy,d" gt
l kl (vh 1)(// d/ll l

ker(e) —— ker(€e’) —— ker(¢”)

| J |

PQ‘—>P0@P6/—»P6/

We define a morphism d,: P} = P, @ P/ — ker(€') using a lift as above, and set the
first differential of P, to be d} = ' od]. Iterating this construction yields the desired
projective resolution P, — M’. O

Proof of Theorem 2.2.4. We only prove part (1), the proof of part (2) is dual. Let
0 >A—B—C—0beaSESinCande: P, > A and €': P/ — C projective
resolutions. By the Horseshoe Lemma 2.2.5, we can find a projective resolution
¢: P — B together with a short exact sequence of chain complexes 0 — P, —
P! — P! — 0. Applying F, and using that F preserves split exact sequences,
see Remark 1.5.15, we obtain the short exact sequence of chain complexes 0 —
F(P.) — F(P]) — F(P/) — 0. The desired LES now arises from Theorem 1.5.21.
We note that the LES is independent on the choice of projective resolution, up to
isomorphism of long exact sequences, by the Fundamental Lemma Theorem 2.1.6.

Given a morphism between short exact sequences, meaning a commutative dia-
gram with short exact rows as follows,

0 A B C 0
Lol
0 A B’ c’ 0

Theorem 2.1.6 allows us obtain a morphism between the chosen SES of projec-
tive resolutions extending the morphism between short exact sequences. The de-
sired morphism between the LES thus arises from applying the functor from Theo-
rem 1.5.21. 0
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Definition 2.2.6.

(1) Let € be an abelian category with enough projectives. Given two objects A, B €
C, we define the n-th extension group between A and B in C as

Ext}(A, B) == R"Home(-, B)(A) € Ab .

(2) Let R be a ring and M € RModg and N € LModg. Then we define
Tor®(M,N) := L,(M ®g-)(N) € Ab .

Example 2.2.7. Let p be a prime number. Consider the two Z-modules M = N =
Z/p and consider the projective resolution P, — B corresponding to the exact chain
complex

022572 - 7/pZ=N.
Then Tor”(Z/p, Z/p) is the n-th homology of the chain complex

idZ/p ®(p)
P

0= ZpRL Z|p ® L

which is isomorphic to the chain complex
o0 Z)pZ > TP

Thus
Zlp n=0,1

TorZ(Z/p,Z/p) ~
or,,(Z/p,Z/p) {0 n>2.

Remark 2.2.8. For completeness, we note that Torf (M, N) can also be computed
using a flat resolution of N (instead of a more restrictive projective resolution). See
also Lemma 3.2.8 in Weibel.

2.2.2 Ext and extensions

Let C be an abelian category and A, B € €. Recall from Definition 1.5.13 that we
denote by
Exte(A, B) = {B — E — A extension in C}/ ~

the set of equivalence classes of extensions of A by B in C.
Suppose that € has enough injectives and consider an extension £ = [0 — B —
E — A — 0] in C. Applying the functor Home(-, B) yields the LES

0 — Home(A, B) — Home(E, B) — Home(B, B) % Exth(A, B) — ...
Lemma 2.2.9. The assignment
O: Exte(A, B) — Exty(A, B), [€] — d(idp)
is well defined.
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Proof. An equivalence of extensions

0 B E A 0
o o s
0 B E’ A 0

defines an isomorphism in SES(C) and thus induces by Theorem 2.2.4 an isomor-
phism in LES(Ab) between the associated LES:

0 — Home(A, B) — Home(E, B) — Home(B, B) % Exti(A,B) — ...

b ek

0 — Home(A, B) — Home(E', B) — Home(B, B) -2 Exti(A4, B) — ...
O

Theorem 2.2.10. Let C be an abelian category with enough projectives. Given two
objects A, B € C, the morphism

0: Exte(A, B) — Exty(A, B)
s a bijection.
Proof. Choose a projective resolution e¢: P, — A and consider the arising SES

Py/Tm(dy) — Py = A. Then there is a LES

Home(Py, B) — Home(P1/ Im(ds), B) % Extb(A, B) — Extb(Py, B) — ...
~0
where the right term vanishes since F, is projective. The morphism 0 is thus an epi-
morphism. Given [a] € Extg(A, B), we can thus find a morphism «: P/ Im(dy) —
B with
9(a) = [of . (22)

Passing to a pushout, we find the following commutative diagram

P/ Tm(dy) Py —— A
JO‘ r lﬁ lidA (23)
B—1 L x 9,4

where the dashed arrow is induced by the universal property of the pushout. Since
pushouts of monomorphisms are monomorphisms (see Exercise 4 on Sheet 4), the
morphism f is a monomorphism. Since F; — A is an epimorphism and factors
through ¢, the morphism ¢ must also be an epimorphism. We note that X =
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coker(P;/Im(dy) — Py® B). Let (p,b) € Py@® B whose image [(p,b)] € X lies in the
kernel of g. Then €(p) = g([(p,b)]) = 0, and thus p = d;(p’) for some p’ € P;/Im(dy).
Thus [(p,b)] = [(p — a(p),0)] = f( a(p')) € X lies in the image of f.

We thus see that B £ X % A is a short exact sequence, and we define
U([a]) € Exte(A, B) as this extension of A by B. It remains to show three things:

1) U([a]) is well defined, meaning independent of the chosen representative c.
2) 6.0 ([a]) = [a].
3) W oO(e) = e for each equivalence class of extensions e = [(B — E — A)].

1): Let v: Py — B. We must show that replacing a by a+~yod; yields an equivalent
extension U([a]). Let Y be the following pushout:

Pl/Im(dg) R— PO

a—l—'yole( r J{

BLY

A small computation shows that the morphism Fy & B M X induces a mor-

phism h: Y — X which extends to an equivalence of short exact sequences:

f/

B Y A
id BJ lh lidA
B-1.x A

2): We can consider the diagram (23) as a morphism between short exact sequences.
We thus obtain an associated morphism between the LES, containing the following
commutative diagram:

Home(B, B) —2— ExtL(A, B)
(—)oc{ | .
Home(P;/Im(d), B) 2 Exte(A, B)
We thus see that o4 2
0o \IJ([Oé]) defiG 8(1d3) (:) 8(04) (:) [CY] )

3): Fix an extension e = (B — E — A). We can consider --- -0 — B — F as a
resolution of A. By the Fundamental Lemma Theorem 2.1.6, we obtain a morphism
between resolution

Py Py Py A
[ N A
0 B E A
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which induces a morphism between short exact sequences

Pl/ Im(dg) PO A
AR
B E A
We note that (o) = O(e), as follows from the uniqueness of of the morphisms

between resolutions up to chain homotopy in Theorem 2.1.6. Passing to the pushout
X = B1p, /1m(d,) Fo, we obtain a morphism between short exact sequences

B X A
id BJ, J{ J{idA
B E A

which is an equivalence of short exact sequences (by definition of these). The upper
short exact sequence describes a representative of W o O(e), so ¥ o O(e) = e €
Exte(A, B), as desired.

O

Remark 2.2.11. Inspecting the proof, we see that under the bijection © from
Theorem 2.2.10, the split extension corresponds to the null element 0 € Exty(A, B).

A consequence of Theorem 2.2.10 is that the set of extensions Exte(A, B) inherits
the structure of an abelian group. We next describe this sum, which is called the
Baer sum.

Lemma 2.2.12. Let C be an abelian category.

(1) Consider a commutative diagram in C

A B C
J - l fdc
D E C

whose rows are chain complexes and where the left square is pushout. If the top
row is a short exact sequence, then so is the bottom row.

(2) Consider a commutative diagram in C

A E D
SN
A B C

whose rows are chain complexes and where the right square is pullback. If the
bottom row is a short exact sequence, then so is the top row.
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Proof. This follows from the argument given below the diagram (23). m

Construction 2.2.13 (Baer sum, 1934). Let € be an abelian category® and let

O—>Bf—1>E1 g—1>A—>Oand0—>Bf—2>E29—2>A—>Obetwoextensionsin€. Then
applying Lemma 2.2.12 twice, we find that the top row in the following diagram is
an extension of A by B.

B f E g
(idB,idB)T L p id 4
B& B E

idB@Bl l - l(idAvidA)

(f1,f2) (91,92)

N

—

(25)

N

~

We call the extension
(B—-FE—A)=(B—E —A) +5(B— E,— A)

the Baer sum of (B — E; — A) and (B — Ey — A).
The pasting law for pullback squares states in a diagram consisting of two squares,
such as the diagram

E A 0

|
ll | (idA,idA) ] l
~

Er & By (91,92) A0 A(idm—idA)A

if by counting the outer square as the third square, any two of the three squares
are pullback, then so is the third. We thus find that the outer square in the above
square is pullback. Similarly, there is a pushout square:

B—— E
|
0 —— F

Proposition 2.2.14. Let C be an abelian category with enough projectives. Consider
two extensions e; = (B ELNG HREIN A) and ey = (B EENG HNECN A) in C. Then

@(61 +B 62) = @(61) + @(62) < EXté(A, B) .

Proof. Let ey +p es = (B L E S A). Choosing a projective resolution P, — A,
and considering the corresponding commutative diagrams

Pl/ Im(dQ) PO A
Otzl lﬁi lidfl
B By A

3We do not need to assume that € has enough projectives for the Baer sum to exist.
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for © = 1,2, we must show that there is a commutative diagram of the following
form:

Pl/ Im(dQ) PO A
al_i,_OQJ l/@ J{idA (26)
B————E—— A

For that, consider the following commutative diagram:
Py /Im(dy) — Py 05 A
J{(id,id) (id@d)l T(gl,—%)

(Pr/Im(dy))? —— P32 22y B, 20, 4

a1+tas .
l(% 72) ’T QT

P

f

The morphism f is given by either component of the morphism B @ B — E in the
diagram (25). Since the dotted arrow vanishes, and F is the kernel of (g1, —g2),
there is an induced morphism 3: Py — E, and we declare 8 = po 3. Inspecting the
above diagram, we find that the diagram (26) commutes. O

Example 2.2.15. Let p be a prime number. Then Ext},(Z/pZ,Z/pZ) ~ 7./pZ.
There are thus p equivalence classes of extensions of Z/pZ by Z/pZ. These are the
split extension, as well as the p — 1 extensions

Z/pZ7 5 7.)p*7 = 7./ pZ.
withz=1,...,p—1.

Remark 2.2.16. The n-th extension groups in an abelian category can be described
in terms of exact sequences of length n + 2. This decription of Extg(A, B) is due
to Yoneda and called Yoneda Ezt. For Extg(A, B), one considers exact sequences of
the form

e=0—-B—->X,— X, 1= —=>X;—>A4A-0)

modulo the equivalence relation arising from identifying two exact sequences in a
commutative diagram

B Xn e X4 A
o L
B Y, e Y; A

For n > 2, the sum of two Yoneda extensions is the Yoneda extension
B—X,gY, > X,_180Y,.1— - —>Xo0®Y, > X; x, Y] > A.

Note that the existence of projective resolutions is not necessary to define the
Yoneda-Ext, so these allow to define Ext™ in arbitrary abelian categories.
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2.2.3 Balancing Ext* and Tor,

The goal of this section is to show that we can compute Extg (A, B) using an injective
resolution of A, instead of a projective resolution of B, and similarly, that we can
compute Tory (M, N) using a projective resolution of N instead of M.

Definition 2.2.17. Let € be an additive category. A double chain complex C, , in
C consists of a Z x Z-family of objects (C; ;)i jezxz together with two differentials
d};: Cij — Ci_yy (horizontal) and dy;: Ci; — C; ;1 (vertical) for all i,j € Z,
satisfying that:
(d’)*=0
(d")?=0
d"od" +d od"=0.

A double chain complex is called bounded if for all p € Z there are only finitely
many non-zero terms of the form C; ; with 7 4 j = p.

We can depict a double complex as follows, where each square anti-commutes:

Cz'—‘rl,j—i—l T Ci,j—i—l T Ci—l,j—l—l

| | |

C @, o AN
i+1,5 1,5 i—1,5

| | |

dh dh
Cit15-1 —— Cijo1 —— Ci1 i

Note that a double complex does not quite define an object in Ch(Ch(C)), since this
would require each square to commute. This can however be achieved by replacing
d” with (—1)id§j.

Double cochain complexes C** are defined similarly, with differentials 6": C%/ —
C*Li and 6v: CW — CWIHL

Definition 2.2.18. Let C be an additive category which admits products and co-
products. Let C, . be a double complex in C.

o The (product) total complex TotH(C*,*) is defined as the chain complex with
entries

TOtH(C*’*)n: H Cz',j

i+j=n

and differential d = d* + d", meaning that for (z;;)i1j—n € I1 Ci;

i+j=n

Ad((ig)irjen) = (@ (@is15) + d° (i j41))itjmn—1 -
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 The (coproduct) total complex Tot?(C, ), is defined as the chain complex
with entries

TOt@(C*’*)n = @ Ci,j
and differential d = d* + d".

Similarly, if C** is a double cochain complex, then TotH(C’*’*) is the cochain com-
plex with Totl[(C**)m = T, ,_, €7 and § = §° + 6"

We note that in the total complex d* = (d"+d?)? = (d")? +d"d" +d*d" + (d*)* =
0, so that it indeed defines a chain complex. We note that if C, ., is a bounded
double chain complex, then TotH(C*V*) ~ Tot®(0*7*), and we write Tot(C\ ) =
Tot!l(C,.,).

Lemma 2.2.19. Let C be an abelian category with products and coproducts. Let
Cy.« be a bounded double chain complex in C such that (C*J,dh) is an exact chain
complez for all j € Z. Then Tot(C\..) is an exact chain complezes.

Proof. By shifting indices, it suffices to show that Tot(C, .) is exact in position 0.
Let ¢ € Z be minimal with C; _; # 0. Let X = (2;_;)jez € @,ez Cj—; and suppose
that X € ker(d), meaning that

dh($j7_j) + dU(JZj_L_(j_l)) =0 Vj eZ.

We must show that X € Im(d).
Since z;_;,_;—1) = 0, we see that d"(z; ;) = 0. Since (C, _;,d") is exact, there
thus exists y; € Cyy1,—; with dh(yi) = x; ;. Then

dh(xz#l,f(z#l) —d’(yi) = dh(93¢+1,7(z‘+1)) —d°d"(y;) = dh(ajiJrl,f(iJrl)) —d’(z;—;) = 0.
Iteratively, we can thus find y; € Cjy1_; with d"(y;) = x; _; — d°(y;_1), or equiv-
alently d"(y;) + d*(yj—1) = xj—;. Then Y = (y;); € Djcz Cjt1,—; satisfies d(Y) =
X. O
Theorem 2.2.20 (Balancing Ext and Tor).

(i) Let C be an abelian category with enough projectives and enough injectives.
Then for all A, B € C and n > 0 there exists an isomorphism

Extg(A, B) = R" Home(-, B)(A) ~ R" Home(A,-)(B) .

(ii) Let R be a ring, M € RModg and N € LModg. Then

Torgp(M, N) = Ly(M ®g-)(N) =~ L,(- @z N)(M) .
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Proof. We will only prove part (i), part (ii) follows from a similar argument and
is left as an exercise. Let A, B € C and choose an injective resolution B — I*
and a projective resolution P, — A. Denote the codifferential of I* by ¢ and the
differential of P, by d. Then there is a double cochain complex Home(P,, I*)** with

Home(P,, I*)* = Home(P;, IY)

ot = (-) o d: Home(P, I’) — Home(Piy, I%)

and
65 = (—=1)"™*§ 0 (-): Home(P;, I?) — Home(P;, I771) .

Similarly, denoting by

F=(-—=0=B=1">TI"-..)

and .
Po=(-—>P—>F—>A—-0—...)

the augmented (co)chain complexes (which are exact) (shifted to lie in degrees >
—1), we obtain two bounded double cochain complexes

Home(P,, I*)**

and )
Home(P,, I*)"*

whose totalizations are exact by Lemma 2.2.19. There are short exact sequences of
cochain complexes

Tot Home(P,, I*)** — Tot Home(P,, I*)** — Home(P,, B)[1] (27)

and
Tot Home(P,, I*)** — Tot Home(P,, I*)** — Home(A, I*)[1] (28)

where the convention for the shift of cochain complexes is (X*[1])" = X", For
n > 0, note that

P Home(P, I7) = Home(Pyy1, I 1) & @ Home(P, V)

i+j=n itj=n
where 17! = B, and the sequence (27) is in degree n isomorphic to the split SES

@ Home(P;, I') — Home(Ppy1, B) @ @ Home(P;, I’) — Home(P,y1, B) .

i+j=n itj=n

The LES of (27) reads as

-+ — H"' Tot Home(P,, [*)** — H" ' (Home(P,, B)[1]) — H" Tot Home(P,, I*)"* — P

~0 ~H"™ Home (Px,B)
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so that
H"Home(P,, B) ~ H" Tot Home(P,, I*)**

Similarly, the LES of (28) shows that
H"Home(A, I") ~ H" Tot Home( Py, I*)*".
Combining these two isomorphisms yields the desired isomorphism. O]

Remark 2.2.21. Passing to the totalization defines an exact functor from the cat-
egory of double complexes to chain complexes. The SES of chain complexes (27)
arises from a SES of double complexes.

Example 2.2.22. An injective resolution of Z € Ab is given by [* = Q — Q/Z —
0 — .... We find that

Exth,(Z/2Z,7) ~ H" Homay(Z/27.,Q/Z) .
For any abelian group A, we have that
Hompy(Z/27,A) ~{x € ARx =0} C A

describes the subgroups of elements of order 2.
We have Homuy,(Z/27, Q) ~ 0 since the only element x € Q satisfying 2z = 0 is
x = 0. Further, we have

1
Homay,(Z/27,Q/Z) = {(0,1 + 0),(0 — 0,1 5)}7
since 0, % € Q/Z are the only element of order 2. Thus

0 n#1

Ext),(Z/2Z,7) ~ {Z/QZ b

as expected from a computation using the projective resolution 7Z 2T of /2.

2.3 Group cohomology
2.3.1 Invariants and coinvariants

Let G be a group. A G-action on an abelian group A consists of a morphism of sets
(-)-(-): G x A— A, such that

c g (g () = (99 () forall g, € .
e lg-(-) =ida, and

e g-(-): A— Ais a morphism of abelian groups for all g € G.
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In this case, we also call A a G-module. A morphism of G-modules consists of a
morphism f: A — B of abelian groups which commutes with the group action,
meaning that for all g € G the diagram

— A

l /
B Y. B

commutes.

We denote by G- Mod the category of G-modules.

Recall that BG denotes the category with a single object * and Hompgg (%, %) = G.
A G-module A can equivalently be described as a functor p4: BG — Ab, mapping
xto Aand g: x > xtog-(-): A— A. .

Lemma 2.3.1. There exists an isomorphism of categories
() G-Mod =~ FUH(BG, Ab) .

Proof. The bijection on objects is clear. A morphism of G-modules f: A — B is
determined by the underlying morphism of abelian groups, and similarly a natural
transformation n: 04 — op between functors 04, 0p: BG — Ab is determined by the
morphism of abelian groups 7,: 04(*) = A — pg(*) = B. This induces a bijection
between G-module morphisms and corresponding natural transformations. O

Definition 2.3.2. Let G be a group and A a G-module.
(1) The invariant subgroup A C A is the subgroup with elements

={a€ Alg-a=aforall g€ G}.

(2) The coinvariants Ag of A is the quotient abelian group

Ag = A/({(9-a = a)}aeagea)

where ({(g-a —a)}aeagec) C A denotes the smallest subgroup of A containing
the elements {(¢g - a — a) }seaec C A.

Lemma 2.3.3. Let G be a group.

(1) For each G-module A with corresponding functor pa: BG — Ab, there exists
an isomorphism of abelian groups

A% ~limpy .

The passage to the invariant subgroup defines a functor (-)¢: G-Mod — Ab
and the above isomorphism extends to a natural equivalence limpg op(y ~ (-)¢:

~

G-Mod 20 » Fun(BG, Ab)

O %BG

Ab
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(2) For each G-module A with corresponding functor pa: BG — Ab, there exists
an isomorphism of abelian groups

Ag >~ colim oy .

The passage to the coinvariants defines a functor (-)g: G-Mod — Ab and the
above isomorphism extends to a natural equivalence (-)g ~ colimpg 0g(.).

Proof. Exercise. ]

We next illustrate a fact from category theory, which is a consequence of the
interchange of limits from Corollary 1.3.24. This fact will allow us to deduce that
the functor (-)¢ is right exact from general principles. Of course, one could also
proof this in a direct way, but the more conceptual proof has multiple advantages.
For instance, it easier to remember and can more easily be generalized.

Lemma 2.3.4. Let K, L,C be a categories.

(1) Let F: K — Fun(L, C) be a diagram with a cone (X, {pk}trex). Then (X, {pr})rex
is a limit cone if and only if (X (1), {px(1) trex) s a limit cone in C for alll € L.

(2) Suppose that C admits L-indexed limits. Then the limit functorlimy: Fun(L,C) —
C preserves limits.

Proof sketch. The proof of part (1) is left as an exercise. For part (2), let F': K —
Fun(L, @) be a diagram. The functor F: K — Fun(L,C) determines a functor
F(-,-): K x L — G, given on objects (k,1) € K x L by F(k,1) = F(k)(1).

By part (1) and the assumption that € admits L-indexed limit, it admits a limit
cone (limg (F), {pk}rer). We must show that

is a limit cone over limy oF. Part (1) shows that limy oF ~ limyey, F(-,1): K — €.

The proof of Proposition 1.3.23 shows that cones over limgex F (k,-) are in
bijection with cones over F(-,-), which in turn are in bijection with cones over
limye, F (-,1), and furthermore these bijection restrict to bijections between the col-
lections of limit cones. Spelling out the cone over limge i F (k,-): L — € correspond-
ing to the cone (29), one finds it to be a limit cone, which thus implies that the cone
(29) is a limit cone. O

Corollary 2.3.5. The functor (-)¢: G-Mod — Ab preserves limits, and is in par-
ticular left exact, and the functor (-)g: G-Mod — Ab preserves colimits, and is in
particular right exact.

Proof. Tt follows from Corollary 1.3.24 that limit functors preserve limits and colimit
functors preserve colimits. The assertion thus follows from Lemma 2.3.3. O
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2.3.2 Group rings

Definition 2.3.6. Let G be a group and R a ring. The group ring R[G] is defined
as the ring with

« underlying set @, R, so that we write elements as sums Y cc(g,74) With
finitely many non-zero summands,

o multiplication defined by

(Z (91,7"91)) ’ (Z (g2v7n;2)> = Z Z (g>rgl '7”;2)

g1€G g2€G 9€G (91,92)EGXG,g1-92=9

 and unit given by 1gze = (1g, 1g).
In the following, we will be interested in the group ring in the case R = Z.

Example 2.3.7. The group ring Z[Z] of the group of integers Z is isomorphic to
the ring of Laurent polynomials Z[z*]:

Z[r*] is free as an abelian group, with generating set consisting of the symbols
{2*}rez. Thus, elements of Z[z*] are Laurent polynomials, meaning expressions
of the form p = Y ,cznpa® with finitely many non-zero terms in the sum. The
multiplication is the usual one of polynomials, meaning that

(Z nka:k) . (Z mkxk) = Z Z nimj:ck.
keZ kez kEZ k=i+j

The isomorphism is given by the assignment

Z[Z) ~ Z[z*], Z(a,na) > Z Nex® .

a€Z a€”Z

The polynomial ring Z[z] is the subring of Z[z*] generated by the elements
{2*}ren. Since N is not a group (only a monoid), Z[z] is not itself a group ring (one
can still define Z[N] and call it a monoid ring).

Remark 2.3.8. For any group G there exists a ring homomorphism ¢: Z[G] —
7,3 ,(g,mg) — >, ng. Using v, we can consider Z as a Z[G|-Z-bimodule or a
Z-7|G]-bimodule (with the action of a € Z[G] given by multiplying with ¢ (a) € Z).

Exercise 2.3.9. Show that Z[G] ~ Z[G]°®. Note that Z[G] is in general not a
commutative ring.

Lemma 2.3.10. There exists an isomorphism of categories

G-Mod ~ LModz g ~ RModzq .
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Proof sketch. Given a G-module A, we obtain an action (-) - (-): Z[G] x A — A by

(Z(g,ng)) a4 = an-(g-a).

geG geq

Conversely, given an action Z[G] x A — A, restricting along the inclusion of sets
G C Z|G],g — (g,1), induces a G-action on A. These assignments readily extend
to inverse functors. The second isomorphisms follows from Z[G| ~ Z[G]°P. O

We will be abusive in notation, identifying G-modules and Z[G]-modules.

Remark 2.3.11. The Z[G]-module Z from Remark 2.3.8 corresponds to the G-
module with the trivial action g -n = n for all ¢ € G. This G-module is also called
the trivial G-module.

Lemma 2.3.12. Let A € G-Mod. Then
A% ~ Homgg)(Z, A)
and
Aag~ A Xz[a] 7z

natural in A.

Proof. We obtain a morphism of abelian groups A% — Homz(Z, A) by the assign-
ment a — f, = (n — n-a). The inverse of this morphism is (f: Z — A) — f(1).
One readily checks that these are inverse isomorphism of abelian groups.

For the second isomorphism, consider the epimorphism of Z[G]-modules

v: Z|G) = Z, Z(g,ng) — an.

The kernel of 1) is given by the Z[G]-submodule of Z[G| generated by expressions
of the form {(1¢,1) — (9,1)}4eq- Using that A ®zq (-) is right exact, we obtain an
exact sequence

A Qg ker(v) = A ®ziq) Z|G] = A®zi) Z — 0.
~A

Since A ®zq ker (1)) is generated by pure tensors, it is generated by elements of the
form

a @zic) (1e, 1) = (g,1)) = (a — g.a) @z (1a, 1)

with a € A and g € G. We thus find that the cokernel A ®z Z above is isomorphic
to Ag.
The naturality of these isomorphisms is left as an exercise. O]

We can thus understand G-modules and invariants in multiple ways:
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o explicitly, as set-theoretic constructions,
« as a special case of functor categories and limit functors,

 and from the perspective of modules over rings (group rings) and tensor prod-
ucts of bimodules.

Proposition 2.3.13. The category G-Mod has enough injectives and projectives.
Proof. This follows from Lemma 2.3.10 using the fact that module categories have

enough injectives and projectives. O]

2.3.3 Group cohomology and the bar construction

Definition 2.3.14. Let G be a group.
(1) For A € G-Mod and n > 0, we define
H'(G,A) = R"(()°)(4)

and

Ho(G, A) = Lo ((-)a)(A).
(2) The n-th group cohomology of G is defined as
H"(G) = H"(G,Z)
where Z is the trivial G-module.

(3) The n-th group homology of G is similarly defined as
H,(G) = H,(G,Z).

Remark 2.3.15. The natural equivalences from Lemma 2.3.12 imply that the cor-
responding derived functors are also equivalent:

and
H,(G,A) ~ Tor’lC(A, 7).

To compute group cohomology and homology, we can employ a specific projective
resolution of Z € G- Mod called the bar construction.

Definition 2.3.16. Let R be a ring, M € RModg and N € LModg. Denote the
linear maps induced by the bilinear action maps by gy : M @ R — M and uy: R®
N — N and the linear map induced by the multiplication in R by ur: R® R — R.
The two-sided bar construction is the chain complex B,(M, R, N) with

B,(M,R,N) =M ® R*" @ N
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and differential d,, = 3" ,(—1)'d’,, where

n - ~
pos. ¢

Remark 2.3.17.

(1) We can write a pure tensor in degree n in B, (M,R,N) as 2 @1 Q@+ - Qr, @y
with x € M,y € N and r; € R. On such a pure tensor, the differential acts as

(@M ® - R@r,Y) =2 - MR®rQ -1, ®Y)
n—1

—|— Z(—l)ZJZ@Tz_l@Tz '7"1‘+1®7”i+2®...y
i=1

+(-D)"@@rM ® - @y @1y y).

(2) We have d._,d}, = d’'di if i < j, as one readily checks on pure tensors. This
implies that

iz z+]dz — Z (_1)i+jdz d_]+ Z 1+]dz d%
i=0 j=0

0<i<j<n 0<j<i<n

= > (=0HaSd+ Y ()M,
0<i<j<n 0<j<i<n—1

= Y (yFPELd Y ()T
0<i<j’<n—1 0<j<i<n-—1

=0

where in the second to last step, we replaced the index j in the first sum with the
index j' = j — 1. This shows that B.(M, R, N) indeed defines a chain complex.

We note that B,(R, R, N) canonically defines a chain complex in LModg, where
the left R-action is given on the left-most components. On pure tensors, the action
is thus given as

a-(ro®rM@r @ - @r,Qy)=(a-1) Or @r @ - @r, ®y,
where a,r; € R and y € N.
Lemma 2.3.18. Let R be a ring and N € LModg.

(1) With the augmentation map € = puy: Bo(R,R,N) = R® N — N, the chain
complex B.(R, R, N) is a resolution of N.

(2) If R, M are free as abelian groups, then B,(R,R,N) — N is a free resolution
in LModg.
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Proof. To show part (1), we show that the identity of the augmented chain complex
B.(R,R,N) with dy = ¢ is null homotopic. This implies that B,(R, R, N) is exact,
by Lemma 1.5.19 and using that H,(ids g g n)) = idg, 5.(rrN)- Let ¢ Z — R
be the unique ring homomorphism. For n > —1, we define H,: B, (R,R,N) —
B,1(R,R,N) as

H, =¢® (idg)*" " @ idy

Then dH + Hd = id as one checks on pure tensors: Given X = (ro®@r®ra®---®
rn ®y) € B.(R, R, N),, we have

dH(X X+Z )'d, (1@ @ @1y @ - ®7, Q)
and B
i=0

The desired equality follows from
AR ®T@r@r® - @r,®y) =1lp@dy(ro @M @r @ @1, ®y).

For part (2), we note that if R, M are free, then R®" @ N ~ Z% for some set
I, as follows from Proposition 1.6.40 (applied to the Z-linear tensor product). We
thus find that

B.(R,R,M)=R®R*"®@ N ~ R® Z% ~ R¥
is a free R-module. O
Corollary 2.3.19. Let A € G-Mod ~ LModzjg ~ RModgzg. Then

H"(G, A) ~ H" Homgy(B.(Z|G], Z|G], Z), A)

and
H,(G,A) ~ H,(A ®z¢ BZ[G), Z|G],Z)) .

Proof. Combine Remark 2.3.15 and Lemma 2.3.18. n

Proposition 2.3.20. Let G be a group. Then H,(G) ~ G/|G, G|, where [G,G] C
G is the subgroup generated by elements of the form {gh(hg) ™}y nec (called the
commutator subgroup).

The abelian group G/[G, G] is also called the abelianization of G.

Proof of Proposition 2.3.20. Since B,(Z|G],Z|G),Z) = Z|G|*" ™' @ Z ~ Z|G]®"!,
the chain complex Z ®zq) B.(Z[G], Z|G], Z) is of the following form

= L ®ziq) Z|G) @ Z[G) @ Z[G) = Z @zj¢) Z|G) ® Z|G| = Z @761 Z[G]
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which is in turn isomorphic to
= ZIGI @ Z|G] - Z|G) - Z

The differential Z|G| — Z vanishes. The differential d: Z|G| ® Z[|G] — Z|G] acts on
a pure tensor (g,1) ® (h,1) as

d<<g7 1) ® (h‘> 1)) = (hv 1) - (gha 1) + (g? 1) = (97 1) + (h'v 1) - (gha 1)'

The first homology is thus given by the quotient abelian group

Z[G1/((g, 1) + (h, 1) = (gh, 1))

We note that in Z[G]/{(g,1) + (h,1) — (gh, 1)) there are equalities

[Z g?”ﬂ an 9 Z Hgv [(H Hg71)]7

geG geG geG ng geG ng

where the first equality follows from the definition of addition in Z[G] and the
second and third equalities are relations in the quotient. We thus have two inverse
isomorphisms of abelian groups:

G/G,G] = Z[G]/((9,1) + (h, 1) = (gh, 1)), [g] = (9, 1)
Z[G)/((g.1) + (h,1) = (gh, 1)) = G/[G,G],  [D>_(g.m9)] = [I] ] 4]

geG geG ng

[]

The goal is to describe H?(G, A) in the next section. For this, we next describe
the 2-cocycles Z*(Homg (B, (Z|G], Z|G], Z), A)).

Lemma 2.3.21. Let G be a group and A € G-Mod. Then there is an isomorphism
of abelian groups

22(HomZ[G]<B*(Z[G]7Z[G]7Z)7A))
= {[-]: GXG = AL 0= flg,h] = [fg,h] +[f, ghl = [f, 9] V[, 9.1 € G}

Proof. We have By(Z|G],Z[G],Z) ~ Z|G]®3, which is free as a left Z[G]-module,
and thus

Homzg)(Bo(Z[G), Z[G), Z), A) ~ Homap(Z[G]*2, A) ~ Homg. (G x G, A), (30)

where the later isomorphism uses that Z[G] is a free abelian group with basis G.

Given [-,-]: G x G — A, we must compute the codifferential of the corresponding
Z|G]-module homomorphism By(Z|G], Z|G],Z) — A. We have

d3 = dil’) - d?’, + dg - dg B3(Z[G]7Z[G]’Z> — BQ(Z[G]7Z[G]7Z) )
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There are canonical inclusions G** C Z[G]®* ~ B3(Z|G],Z|G],Z), and G** C
By(Z|G], Z|G), Z), and the maps dj restrict to maps G** — G*3 actingon (1¢, f,g,h) €
G** as follows:

ds(1c, f,9.h) = (f.9,h)
& (g, f,9,h) = (14, fg, )
d3(1a, f,9,h) = (14, f, gh)
(1G7f g, ) (197f g)
Under the isomorphism from Equation (30), a morphism of sets [-,-]: G x G — A

amounts to a Z[GJ-module homomorphism a: Z[G]®® — A acting on (f,g,h) €
G*3 C Z[|G)®3 as a(f,g,h) = flg, h], where the multiplication with f from the
left uses the G-action on [g,h] € A. Combining this observation with the above
description of the differentials di, and the fact that {15} x G** C Z[G]®* (freely)
generates as a Z[G]-module, the assertion follows. ]

2.3.4 Group extensions and H*(G, A)

Definition 2.3.22. A short exact sequence of groups
1—>G1L>G21>G3—>1

consists of two group homomorphisms ¢, 7, such that ¢ is injective, 7 is surjective,

and Im(:) = ker(m).

Note that the category Grp is not abelian. In a short exact sequence of groups,
G ~ Im(t) = ker(m) C G9 is a normal subgroup as a kernel of a group homomor-
phism.

In a group extension, 1 denotes the group with a single element, written multi-
plicatively. If G is abelian, we write the sequence as

O%G14G23G3—>1,

using instead the additive notation for the trivial abelian group. In the following,
we will only be interested in the case that G; = A is abelian.

Construction 2.3.23. Consider an extension of groups
0-ASESG—1

and let ¢ € G. Choose any e € FE with 7T(€) = ¢g. Since A C FE is normal,

conjugation by e defines a morphism e(-)e”': A — A. If we choose a different
¢’ € E with 7(¢’) = g, then (e 'e’) = 1(;, and so there exists a € A with e-a =¢€'.
Thus €/'(-)(e/) 7t = ea(-)a™le ! =e(-)e7!: A — A, since A is commutative.

We hence obtain a well-defined morphism G x A — A, mapping a pair (g,a) to
ae™! € Im(1) ~ A, where e € F is any element with 7(e) = g.
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One readily checks that the above defined morphism G x A — A defines a group
action:

Lemma 2.3.24. Let
0 ASESG o1

be an extension of groups. Then the morphism G x A — A from Construction 2.3.23
defines an action of G on A.

Definition 2.3.25. Let G be a group and A € G-Mod. An extension of G by A
consists of a short exact sequence of groups

0ASESG—o1

such that the arising G-action on A from Lemma 2.3.24 coincides with the given
G-action on A.

Definition 2.3.26. Let G be a group and A € G- Mod. Two extensions of G by A
0ASESGE—1

0 AL E a1

are said to be equivalent if there exists a group homomorphism «: F — E’ such
that the following diagram commutes:

0 A—‘ts E-—"5 G 1
id/{ la lidg
0 AYS B "G 1

We remark that in this case o must be an isomorphism.

The main result on group cohomology will be the following description of the set
of equivalence classes of extensions of a group G by A € G-Mod, which is proved
further below.

Theorem 2.3.27. Let G be a group and A € G-Mod. Then there exists a bijection
between H?(G, A) and the set of equivalence classes of group extensions of G by A.

We first describe the group extension corresponding to the 0 € H?(G, A). This
is given by the semi-direct product.

Definition 2.3.28. Let G be a group and A € G-Mod. The semi-direct product
A X G is the group with underlying set A x G and multiplication the twisted product

(a,9)-(d,g") =(a+g-d,g-g)

84



Example 2.3.29. Let S, be the symmetric group, whose elements are bijections of
the set [n] = {1,...,n}. The signum of a permutation © € S,, can be defined as the
determinant of the corresponding permutation matrix (either 1 or —1). Writing Cy =
{1, —1} for the cyclic group, the signum defines a surjective group homomorphism
sgn(-): S, — Cy whose kernel is called the alternating group and written A,. If
n < 3, then A, is abelian and thus inherits a Cs-action. Let us spell this out for
n=3:

We have S3 = {e = 1,(12),(23),(13),(123), (132) } using the cycle notation for
permutations (for instance (123) corresponds to the bijection 1 +— 2, 2 +— 3 and
3+~ 1). Then Z/3Z ~ A3z = {e,(123),(132)} C Ss;. The action Cy x A3 — Aj
is given by conjugation with any preimage in S3. For —1 € (5, a preimage is any
transposition, for instance sgn((12)) = —1. Thus

—1-a=(12)a(12)
for all @ € Az. Explicitly, this amounts to
—1-(-): A3 > Az, ere, (123)— (12)(123)(12) = (132), (132) — (123).

For n > 4, the group A4 is not abelian, and thus there is no canonical action of Cs
on A4. Nevertheless, there is a split short exact sequence 1 — A, — 5, — Cy — 1.

For A € G-Mod, there is a canonical inclusion t: A - A x G,a — (a, 1), and
a canonical surjection 7: A x G — G, (a,g) — g which assemble into a short exact
sequence.

As in abelian categories, a group extension

0—-A—-ESG—1
is called split if there exists a section s: G — E of .
Proposition 2.3.30. Let G be a group, A € G-Mod and

0 AL ESG—1

an extension of G by A. Then the extension is split if and only if it is equivalent to

the extension
0 A—-AxGE—-G—1.

Proof. The extension arising from the semi-direct product is split: the section is
given by s: G — A x G, g — (0,g). For the converse implication, suppose that 7
admits a section s. We define the map

f:AxG—=E, (a,g9)+— as(g).

This is indeed a group homomorphism: we have

fla,g9)f(b,h) = as(g)bs(h) = as(g)bs(g)~"s(g)s(h)
=a(g-b)s(gh) = f(a+ (g-b),gh) = f((a,g)(b,h)),
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where we have used that g acts on b by conjugation with s(g).

The composite A C A x G i), a +— as(1lg) is clearly given by ¢. The composite
7o facts on (a,g) as w(as(g)) = w(a)(wros(g)) = 1gg = g, and is thus given by the
epimorphism A x G — G. This shows that f defines a morphism between extensions
of G, A, meaning that the extensions A X G and F are equivalent. O

The idea of the proof of Theorem 2.3.27 is to pick any section of pointed sets of 7
and measure its derivations from being a group homomorphism. This derivation will
be encoded in the so-called factor set [-,-]: Gx G — A, amounting to a (normalized)
2-cocycle.

Definition 2.3.31. Let G be a group and A € G-Mod. Consider a group extension:
0—-A—-FESG—1

Let s: G — FE be a section of pointed sets, meaning a map between sets satisfying
mos =idg and s(lg) = 1g, that is not necessarily a group homomorphism. The
associated factor set is the function

[_7_]: GxG— A7 (97 h) = S(Q)S(h)‘s(gh)_l .
Note that we use s(g)s(h)s(gh)™' € ker(r) =~ A.
Proposition 2.3.32. Let G be a group and A € G-Mod.

(1) Consider a group extension
0A—-ESHG—1

with a section of pointed sets s of w. The section s is a group homomorphism
if and only if the factor set [-,-]: G x G — A is trivial, meaning constant with
value 0 € A.

(2) If two extensions of E,E' of G, A with chosen sections of pointed sets have
identical factor sets, then the extensions are equivalent.

(3) Any factor set |-,-]: G x G — A defines a normalized 2-cocycle, meaning it
satisfies

e [9,1]=1[1,9] =0 forallg € G, and
* f[g,h]—[fg,h]+[f,gh]_[f,g]:OfOTCLHf,g,hEG

(4) Any normalized 2-cocycle [-,-]: Gx G — A arises as a factor set of an extension
of G by A.

Proof. Part (1) is straightforward: Assume that [g,h] = 0 for all g,h € G. Then
1 = s(g)s(h)s(gh)~!, meaning that s(g)s(h) = s(gh), showing that s is a group
homomorphism.
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We next show part (2). Consider two extensions F, E' with sections s, s’ giving
rise to identical factor sets [-,-]: G x G — A. There are bijections

a: E— Ax G e (es(n(e)) !, m(e))
and
B:E — AxG,ers (es'(n(e) ™, 7 (e))

We claim that 3~ 'oa: E — E’ is a group homomorphism exhibiting the extensions
as equivalent. For this, we show that the induced group structures on A x G coincide.
The two arising group structures on A x G satisfy the following

e (a,1)-(b,1) = (ba,1)
« (a,1)-(0,9) = (a,9)
° (Oag)'(a71):(g'aaa)

° (Oug) ’ (O’h> = ([gah]’gh>

from which it follows that they coincide (exercise: check this). The first three
equalities above are easy to check. For the last equality, note that the inverse a!
of the bijection « is given by (a, g) — as(g), and thus

a(a™((0,9)a™"((0,h))) = a(s(g)s(h))
= (s(g)s(h)(s(m(s(g)s(h))) "), m(s(g)m(s(h))) = (lg. ], gh) .
where we used in the last step that 7 is a group homomorphism and thus 7(s(g)s(h)) =
7(s(g))m(s(h)) = gh. A similar argument applies for 5.
For part (3), we note that the associativity of the multiplication in E implies
that induced multiplication of A x G (described above) is also associative. We have

(0, £)(0,9))(0, k) = ([f. 9], f9)(0, h) = ([f, g}, 1)(0, fg)(0, h)
= ([£, 9], )([fg, k], fgh) = (If, 9], ([fg, ], 1)(O, fgh) = ([f, g] + [fg, h], fgh)

and
(0, £)((0,9)(0, b)) = (0, £)([g, h], gh) = (0, £)([g, k], 1)(0, gh) = (flg, k], £)(0, gh)

= (flg: 1}, 1)(0, £)(0, gh) = (flg, hl, D(1f, ghl, fgh) = (flg, bl + [f. ghl, fgh) .

Thus
flg: bl +1f, gh] = [fg,h] + [f, 9]
The equation [g, 1] = [1, g] = 0 is straightforward to show.

For part (4), we note that given a normalized cocycle [-,-]: G x G — A, we can
equip A x G with a group structure by using the formulas listed in the proof of
part (2). It is not difficult to check that this defined an associative multiplication
with unit (0,1). The inverse of (a, g) is given by (—g~'-a—g™'-[g,97'],¢7"). The
canonical inclusion A C A x GG and projection A x G — G then assemble into a SES
of groups. O
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Remark 2.3.33. Let G be a group. A reduced version B™4(Z[G], Z|G],Z) of the
bar construction is as follows: we set

B(ZIG), ZIG), 2) = Z[6) ® (Z[G\{16})) " ® Z

where Z[G\{1g}] C Z|G] is the free abelian group with basis G\{lg}. The dif-
ferential of B'*Y(Z[G], Z[G],Z) is defined as for B, (Z|G],Z|G],Z), except that we
set to 0 any pure tensor arising in the differential containing an entry 1. Then
there is a surjection B'*Y(Z[G], Z|G],Z) — B,(Z|G],Z|G],Z), mapping a pure ten-
SOr 79 @11 @19 ® -+ @ 1y, @ y) to itself when r; # 1g for all ¢ € [0,n] and to 0
otherwise. This surjection extends to a chain map

B.(ZIG), ZIG), Z) — B(Z[G), ZIC), ) .

The proof Lemma 2.3.18 applies verbatim to show that B*4(Z[G], Z|G|,Z) — Z is
a projective resolution.

It follows that the inclusion B.(Z[G],Z|G],Z) — B*(Z|G], [G] Z) is a chain

homotopy equivalence. We can identify the 2-cocycles of Homy ) (B*4(Z|G], Z|G], Z), A)
under the inclusion into the 2-cocyles of Homy ) (B.(Z[G], Z|G], Z), A) with the nor-
malized 2-cocycles [-,-]: G X G — A, meaning maps that satisfy [1,¢] = [g,1] = 0.

Lemma 2.3.34. Let G be a group and A € G-Mod. Consider an extension 0 —
A — E 5 G — 1 with factor set |-,-]: GxG — A arising from a pointed section s of
7. Then a factor set [-,-]': Gx G — A differs from [-,-] by a normalized coboundary
d(B) with B: G — A satisfying B(1g) = 0, meaning that

l9,h]' = [g9,h] = B(g) — B(gh) +g-B(h),

if and only if [-,-]" arises as the factor set of a possibly different choice of pointed
section s' of .

Proof. Suppose that [-,-], [-,-]" differ by a coboundary d(3). Then define s': G — E
by s'(g) = 5(g)s(g). Note that o s’ = idg since f(g9) € A C E. Then the factor
set [g, h|y arising from s is given by

s(h)s(gh)~" — B(gh)

s(9)B(h)s(g)™" (
) = h),

)
B
meaning that [g, hly = [g, h]'.

Conversely, given a pointed section s': G — FE, we note that there is a pointed

morphism 3: G — A with 8(g) = s'(¢9)s(9)”'. The computation above shows
that the factor set [-,-]¢ arising from s’ differes from [-,-] by the boundary of j:

[9,h]s = [g, h] + B(g) — B(gh) + g - B(h). O
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Proof of Theorem 2.3.27. Consider the set E = {0 - A - E 5 G — 1}/ ~ of
equivalence classes of extensions of G by A. We define a morphism

¢: B — H*(G,A),E s |-,-]

mapping each equivalence class of extension to the factor set of a choice of based sec-
tion of 7 of a choice of representative 0 =+ A — E 5 X — 1 of the extension. That
the factor set defines a normalized 2-cocycle follows from Proposition 2.3.32.(3) and
Remark 2.3.33. The well-definedness of this morphism follows from Lemma 2.3.34.
The surjectivity of ¢ follows from part (4) of Proposition 2.3.32. The injectivity of
¢ follows from Lemma 2.3.34. O

2.4 Quiver representations

In this chapter, we will introduce quivers and their representation categories. These
form abelian categories in which the projective and injective objects can be ex-
plicitly described. Many interesting abelian categories turn out to be equivalent
to representation categories of quivers, so that methods developed for their study
can be productively applied in many situations. The study of quivers and their
representations is a subfield of the (large and diverse) field of representation theory.

2.4.1 Quivers and path algebras

Definition 2.4.1. A quiver = (Qo, @1, s, t) consists of two finite sets Qg of vertices
and ) of arrows, together with two maps s,t: ()1 — Qo, called source and target
maps.

If a € @y is an arrow with s(a) = ¢ and t(a) = j, we write a: ¢ — j.

We can consider a quiver as a finite directed graph. Note that loops (meaning
arrows [ satisfying s(l) = ¢(l)), as well as multiple arrows between two given vertices,
are allowed.

Example 2.4.2. An example of a quiver with four vertices and a loop:

Quiver representations are most often studied over fields, since these are better
behaved. Considering representations over rings is of course possible. We fix a field
k. We will denote the category LMod by Vecty.

Definition 2.4.3. Let ) be a quiver.

(1) A (k-linear) representation V' of ) consists of an assignment of
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e a k-vector spaces V; to each vertex i € QQo,

e a linear map V,: V; — V; to each arrow a: ¢ — j.

A representation V of @) is called finite dimensional if the vector space V; is
finite dimensional for all 7 € Q).

(2) A morphism between representation f: V' — W of @) consists of a collection of
linear maps f;: V; = W;, i € Qp, such that for all a € (); the diagram

v,
Vi) — Vi)

fs(a)l lft(a)

Wia)y —— Wi

commutes.
We denote by Rep,(Q) the category of representations of Q.

Definition 2.4.4. Let @ be a quiver and label its vertices by Qo = {1,...,m}. Let
V € Rep,(Q). The dimension vector of V' is

dim (V') = (dimg Vi, ..., dimg V,,) € N™.

Example 2.4.5. The following quiver is called the A, quiver:

AQZ 1L>2

A representation of A, consists of two vector spaces and a linear map:

Vi — 1

A morphism f between representations of Ay amounts to a commutative square of

the following form:

%L)‘/Q

e
w, ey Wy

Given a representation V of Ay, the linear map V, factors as V; — Im(V,) — V5. We
further have V; ~ ker(V,)®Im(V,) and Vo ~ Im(V,) ®coker(V,). Any representation
of Ay is thus isomorphic in Rep(As) to a representation of the form

0 idy,
0 0

Uy @ Uy ———= U, & Us, (31)

90



with Uy, Us, Us € Vecty. Direct sums of quiver representations are computed 'point-
wise’ at the vertices of the quiver. The representation (31) is thus the direct sum of
the following three representations:

U1—>O

U, 222, 1,
0—>U3

The dimension vectors of the three above representations are
(dimg(Uy),0), (dimg(Us),dimg(Us)), (0, dimg(Us)) .

Example 2.4.6. A representation of the one-loop quiver

l

)
Q= 1

amounts to a vector space V together with an endomorphism f: V' — V. Suppose
that V' is finite dimensional of dimension n. Upon choosing a basis of V', we can rep-
resent f by an n x n-matrix My. When changing the basis, the matrix M; changes
by conjugation T M,T.

Equivalence classes of finite dimensional representations of () are therefore in bijec-
tion with square matrices up to conjugation. If k is algebraically closed, the latter
can be classified using Jordan normal forms.

Given a quiver @), it is an interesting question whether one can classify the finite-
dimensional representations of (). This is however for most quivers not possible.

Remark 2.4.7. Let Q be a quiver and V,W € Rep,(Q). The abelian group
Hompgep, (@) (V, W) of morphisms of quiver representations canonically inherits the
structure on a k-vector space: given A € k, the action on a morphism f: V — W is
given by the morphism - f: V — W with (A - f);(v;) = Afi(v;) € W; for all i € Qg
and v; € V;. Composition of morphisms

HomRepk(Q)<Ua V) X HomRepk(Q)(V, W) — HomRepk(Q)(U, W)

in Rep, (@) is further k-bilinear. Such a structure is also called a Vectg-enrichment
of the category Rep,(Q).

We next describe the category Rep,(Q) as the module category of the path
algebra of (). For context, we first recall the notion of a k-algebra:

Definition 2.4.8. Let k be a field. A k-algebra A consists of a k-vector space
A together with a k-bilinear morphism p: A x A — A which equips A with the
structure of a (unital and associative) ring.

91



Example 2.4.9. Given a group G and a field k, the group ring k[G] from Defini-
tion 2.3.6 is canonically a k-algebra. Thus, k[G] is also called the group algebra.

Remark 2.4.10. If A is a k-algebra, there is a morphism of rings k£ — A, mapping
AektoA-14 € A We can thus consider A as an A-k-bimodule. We thus obtain
a functor

Homy(A,-): LMody — Vecty

assigning to each A-module its underlying k-vector space.
Given a k-algebra A, we denote by LMod® < LMod, the full subcategory whose
objects are A-modules whose underlying k-vector space is finite dimensional.

Definition 2.4.11. (1) Let @ be a quiver. A path in @ of length m > 0 consists of
a finite collection of vertices vy, ..., v, and arrows a;: v; — v;11, @ € [0,m — 1].
Given such a path p, we set s(p) = vy and t(p) = vp,.

(2) The lazy path e, at a vertex v is defined as the path consisting of the vertex
v = vg and no arrows.

(3) Any non-lazy path is determined by the arrows contained in it, which satisfy
s(a;r1) = t(a;). We may thus write paths as p = ap@p_1 ... a1, or p = e,.

Definition 2.4.12. Let ) be a quiver. The path algebra kQ) is the k-algebra with
« the basis of the k-vector space k(@) given by the set of paths in @,

o and multiplication the unique bilinear map determined on basis elements by

(G ... ay) - (by...by) = {am...mbn...bl s(ay) = t(by)

0 0.

The product of two paths is thus their composite if it makes sense to compose
them, and it is zero otherwise.

One readily checks that the above defined multiplication is associative. The unit
1 of the path algebra is given by the sum of the lazy paths >, €.

Lemma 2.4.13. Let () be a quiver and M a kQ-module. For i € Qg consider the
k-vector space
eiM ={e;-mme M} C M.

Then the inclusions e;M C M exhibit the k-vector space underlying M as the direct
sum
M ~ @ eiM.

i€Qo

Proof. We must show that we can write each element m € M uniquely as a sum m =
>icq, Ti of elements x; € e;M (Exercise: convince yourself that this characterizes
the direct sum). Firstly, we have 1o = > i, €ir and so m = lrom = > 0, €im,
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where e;m € e;M. To show uniqueness, suppose that > .o, 7; = >cq, ¥i With
xi, Y € e,M. Let j € Q. Since e; -e; = 0 for j # ¢ and e? = ej, we find that
ej-m; = 01if m; € e;M and 7 # j, and e; - m; = m; if m; € e;M. By multiplying
with e;, we thus obtain the desired equality:

Tj= 6T =€) ) Ti=€5 ) Yi =€l =Y.
1€Q; 1€Q;

Proposition 2.4.14. There exists an equivalence of categories
Rep,(Q) ~ LModyg .
In particular, Rep,(Q) is an abelian category with enough projectives and injectives.

Proof. Let V be a representation of (). We define a k@)-module structure on M =
@icq, Vi as follows. Let m be the number of vertices of Q. Given (vy,...,vy,) €
@icg, Vi = M, we define the action of a path p = a,...a; with s(p) = j and
t(p) =1 as follows:

pe(v1,.. ., 0m) =(0,...,0,V,, o---0V,(v;),0,...,0).

eVi

For a lazy path, we set e;(vy,...,v,) = (0,...,v;...0). This extends to a bilinear
action kQ x M — k(@ via

n

(Zn:l /\ipi> (o1, vm) = Z)\i(pi (v, 0m)

i=1
for p; a path and A; € k. The assignment V +— M = @,o, Vi extends to a functor
F: Rep,(Q) — LModkg

assigning to a morphism f: V' — W the morphism @,cq, fi: Dico, Vi = Dicg, Wi-
One readily checks that @,cq, fi is indeed a morphism of £Q-modules.

Given a k@Q-module M and ¢ € @)y, consider the k-vector space V; = e; M. For
(a:i — j) € @1, we obtain a linear map V,: V; — V; by setting V,(e; - m) =
a-e -m = a-m. This defines a representation V of (). Given a morphism of
kQ-modules f: M — N, we have that f(e; - m) = e; - f(m), and so f restricts to
a morphism f;: V; = e,M — e; N = W;, which one finds to define a morphism of
@-representations. We thus obtain a functor

G: LModyg — Rep(Q), M — V.

We note that oG is not identical to idpMod, s since the direct sum ,cq, Vi is only
determined up to isomorphism. Hence, F' and G are not inverse isomorphisms of
categories. There are nevertheless canonical natural isomorphisms F'oG =~ idpod,,
and G o F' ~ idgep, (@), Where the former uses Lemma 2.4.13. We thus find that F, G
are equivalences of categories in the sense of Remark 1.6.33. O
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Remark 2.4.15. Let @) be a quiver and ¢ € )g. Then kQe; C k(@) is the left ideal of
k-linear sums of paths which start at i. As kQ-modules, there exists an equivalence
kQ ~ kQe; ® kQ(1 — e;), where kQ(1 — ¢;) consists of sums of paths which do not
start at e;. We thus see that kQe; is projective. We will denote P; = kQe;. Note
that

@ P, ~kQ e LMOde .

1€Qo

Example 2.4.16. The D,-quiver is the following quiver:

3
a2
D4 — 1 al 2 /
as
\ 4
The four projective kD4 modules P, ..., P, correspond to the following representa-

tions

k

&
%

P =

I

Y

ER N

—

|
£

—

x>

I
|

o

o

ANV

o O

Py =

|

o

Lemma 2.4.17. Let Q be a quiver, i € Qq, and V € Rep,(Q). Then
Hompgep, (@) (P, V) ~ Vi € Vecty, .
Proof. Let M = @,¢q, Vi be the kQ-module corresponding to V. We have
Homyq(kQ, M) ~ M

as k-vector spaces. The subspace V; = e,M C M corresponds under this isomor-
phism to the subspace of morphisms k¢ — M, which map 1, to V; = ¢,M C M.
Let i # j € Qo. Let f: kQ — M with f(lyg) = esm € e;M for some m € M.
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The composite P; — k@ — M must map any path p = plyg with s(p) = j to
p-f(lkg) =p-e;-m=0-m = 0. Thus, the restriction of f to any P; with j # i
vanishes. Using the decomposition kQ ~ @,cq, Pj, we find that any morphism
[ kQ — M with f(1ig) € V; is uniquely determined by its restriction to P;,. We
thus obtain the desired isomorphism

Hoka(B-, M) ~ {f & HOIHkQ(k‘Q, M)|f(1kQ) S V;} =eM =V,
]

We can also associate an injective object I; € LModyg with each vertex i of Q.
To describe the injectives, we use a duality involving the opposite quiver.

Definition 2.4.18. Given a quiver @, we let Q°P be the opposite quiver with QyF =
Qo, QY = Q1, sgwe(a) = tg(a), and tge(a) = sg(a) for all @ € @1. Informally
speaking, Q°P is obtained from @) by reversing all the arrows.

We note that (kQ)°P ~ k(Q°P).
Proposition 2.4.19. There exist equivalences of categories

LModjy, = (RModjy,)* =~ (LModjge ) .

Proof sketch. The equivalence of categories LModde ] (RModidQ)Op is given by the
assignment

M — M* = Homeet, (U(M), k),

where U(M) is the vector space underlying M. Note that U(M™*) is the dual vector
space of U(M). Further, M* is a right kQ-module via the action (f-p)(m) = f(p-m)
for p € kQ, m € M and f: M — k. To show that the functor (-)* is an equivalence
of categories, it suffices to note that the double dual (M*)* is isomorphic to M (since
U(M) is finite dimensional), and this isomorphism is natural in M.

The second equivalence of categories follows from (kQ)°P ~ k(Q°P). O

A consequence of Proposition 2.4.19 is that finite-dimensional projective k()°P-
modules are in bijection with finite-dimensional injective k(@Q-modules. We thus
obtain for each vertex i € Qo = Q7° an injective k@Q-module I; whose underlying
vector space has a basis indexed by the set of paths in ) ending in 1.

Example 2.4.20. Continuing Example 2.4.16, we find the following four injective
D -modules:

0
h= o
\O

0

L=} k/
™~
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k
id

L= i, k/

\0

0

L= g,

P

k

2.4.2 Extensions and the Euler form

Given a kQ-module M, and i € @)y, recall that e; M is the k-vector space assigned
by the corresponding ()-representation to the vertex i.

Proposition 2.4.21. Let ) be a quiver and M € LModyq. There is a chain complex
in LModyg
M, = ---—)O—)@Pt(a)®kes(a)M—Jc—>@P¢®k€¢M
acQ1 1€Qo

with f acting on a pure tensor p @, m € Pyq) Ok €)M, as
f(p®rm) =pa®,m—pcy,am.
There is further an augmentation map

€: @ P ®LeM — M
1€Qo

acting on a pure tensor p @ m € P, Q@ e;M as
e(p@rm) =p-m,

such that e: M, — M is a projective resolution.
The chain complex M, is called the standard resolution of M.

Proof. The construction of the morphisms f and e uses the k-bilinar multiplication
map kQ x kQ)Q — k(@) and the k-bilinear action kQ) x M — M, as well as the universal
property of the k-linear tensor product, and is left to the reader.

Clearly, we have e o f = 0. We now prove that the sequence

0= P Py @k sgM —= @ P, @ e;M —= M =0

a€Q1 1€Qo

is exact. We have €e(e; ®, m) = m for all m € e;,M C M, so that € is surjective,
meaning an epimorphism.

We next show that f is a monomorphism. Let 0 # X € ker(f). We can write
X = 30ci 2op,s(p)=t(a) P Ok Tpa, Where the second sum runs over all paths p starting
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at t(a), Tpa € €5)M, and all but finitely many x,, vanish. For a given a € @1, let
o be the path of maximal length with source ¢(a) and z,, # 0. Then

O:f(X): Z Z pa®kxp,a_ Z Z p®ka/xp,(z-

a€Q1 p,s(p)=t(a) a€Q1 p,s(p)=t(a)

For any a € @), inspecting the ¢,a component, the only tensors with the longest
path g,a in the first component is in the term g,a®yx, o, which implies that x, , = 0.
This is a contradiction. Thus X = 0.

Finally, we show that Im(f) = ker(e). We can write X € @;cq, P @i ;M as
X = 3"icqo 2p,s(p)=i P @k Tp Where the second sum runs over paths starting at 7 and
has finitely many non-zero terms. Suppose that e(X) = 0. Let p = a;---a; be a
path of maximal length [ such that z, # 0. Note that there are only finitely many,
say n, such paths. After subtracting f((a; - - a2)®rx,) = pRrxp,—(a;- - - a2) Qra1-T,
from X, we find that n — 1 paths of length [ remain. Repeating this step n—1 times,
we find Y € Im(f) such that the longest path appearing in X —Y has length [ — 1.
Repeating this argument [ — 2-many times, we find that X = X +Y with Y € Im(f)
and X = > ic, € Ok T;. We then have

S E=e(X)“Lle(x) =0,
1€Qo

and thus #; = 0 for all i € I by Lemma 2.4.13. Hence X = 0 and X = Y €
Im(f). O

Definition 2.4.22. Let @ be a quiver and V, W € Rep,(Q) be two finite-dimensional
representations. We set

Xo(V, W) = dimy, Hompey, () (V, W) — dimy Extg, )(V, W).
For the above definition, we note that since the Hom-functor
HomRepk(Q) (_7 N) Repk(@)op — Ab

factors through the forgetful functor Vect, — Ab, see Remark 2.4.7, so does its right
derived functor Ext%{epk(@ (-, N).

Definition 2.4.23 (Euler form). Let @ be a quiver with Qo = {1,...,m}. The
Euler form of @) is the bilinear map

(- Vo1 Z" X I — 7.

defined by
(u,0) = Y Ui vi— D Us(a)Vi(a) -

1€Q0 acQq

We note that, in general, the Euler form is not symmetric. We can describe the
characteristic from Definition 2.4.22 in terms of the Euler form of the dimension
vectors from Definition 2.4.4.
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Theorem 2.4.24. Let Q) be a quiver with Qo = {1,...,m}. Let VW € Rep,(Q)
be two finite-dimensional representations. Then

XV, W) = (dim(V), dim(W))q -
Proof. Consider the short exact sequence
0= P Py @k Ve 2> P Pk Vi SV = 0.
acQ1 1€Qo

Using that the first two terms are projective, the LES of the derived functor of
Hompgep, (0)(-, W) : Rep,(Q) — Vect,, reads as

C.= 0— Hompep,(q)(V. W) — Hompep, ) (€D P @1 Vi, W)
1€Qo
— Hompep, () (€D Prta) @ Vit W) = Exttiep, () (V; W) = 0.

aceQq

Since P,®V; ~ Daim,. (v;) P; and Py ()@ Vi(a) =~ Gadimk(Vs(a)) Py, as Q-representations,
we have for i € Qg

dimy, Hompgep, (@) (P @k Vi, W) = dimy(V;) - dimy, Homgep, (@) (5, W)
Lemmé 2.4.17 dlmk(‘/;) . dlmk(‘/VZ)
and similarly for a €
dimy, HomRepk(Q)(Pt(a) R Vs(a), W) = dimy Vs(a) - dimy, Wt(a) .

The exactness of the above LES C, implies that its Euler characteristic }°;c7(—1)" dimy(C;)
vanishes ("homology commutes with Euler characteristic’, see Sheet 5, Exercise 3).
Thus

Xo(V, W) = dimy Homgep, () (V, W) — dimy, Extge, o) (V, W) =
= Z dlmk(‘/;) dlmk<Wz) - Z dimk Vs(a) . dimk Wt(a) = <‘/, W>Q,

i€Qo ac@

as desired. O

2.4.3 Simple modules
Definition 2.4.25. Let C be an abelian category.

(1) A non-zero object S € € is called simple if for any monomorpism i: X — §
either X = 0 or ¢ is an isomorphism.

(2) A non-zero object X € C is called indecomposable if X ~ X; & X, implies that
X7 ~0or Xy ~ 0. We note that simple objects are indecomposable.
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Let S € C be simple. Given an epimorphism p: S — Y, we can consider the

corresponding short exact sequence 0 = X = S %Y — 0 with X = ker(p). Then
either X = 0 or 7 is an isomorphism. Since Y = coker(7), in the first case, we find
that p is an isomorphism. In the second case, we find that Y = 0. We thus see:

Lemma 2.4.26. An object S € C is simple if and only if for any epimorphism
p: S —Y either Y =0 or p is an isomorphism.

Example 2.4.27. (1) The 1-dimensional vector space k € Vecty, is simple and inde-
composable. Up to isomorphism, it is the only indecomposable or simple object
of Vecty,.

(2) The abelian group Z € Ab is indecomposable but not simple.

Definition 2.4.28. Let ) be a quiver and i € ()g. We define the i-th simple
S; € Rep,(Q) as the unique representation with

<si>j={k J =1

0 else.

Example 2.4.29. Let ) = A, be the As-quiver. Then the two simple representa-
tions of () are

and

Lemma 2.4.30. Let Q) be a quiver and i,j € Q). Then

E i=73n=0

EXtEMOde (PZ’ S]) = {0 GZSG

Proof. The description of Ext%Mode (P, S5) ~ Hompmod,, (55, Sj) follows from Lemma 2.4.17.
The vanishing of the higher Ext groups follows from the fact that P; is projective. [

Proposition 2.4.31. Let QQ be a quiver and i,j € Qo with i # j. Then
dimy, ExtiMode(Si, S;) = #arrows a: 1 — j.

Proof. The standard resolution of the simple S; yields the following short exact
sequence
0= & PFPw—P—S—0.
a€Q1,s(a)=1
Applying Homyg(-, S;), the associated LES is given as follows:

.= Bxtyg (P, S;) — Extyo(S:, ;) = Hompg( € Py, Sj) —

T a€Q1,s(a)=1

— Hoka(B, Sj) — Hoka(Si, SJ) —0
—_——

~0
Thus ExtllfQ(Si, S;) =~ Hompq(@acq, s(a)=i Fi(a); S5)- Using that Hompg(Piq), S5) =~
k if t(a) = j and Homyg(Pya), Sj) ~ 0 if t(a) # j, the assertion follows. O
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3 The derived category

The contents of this section will not be part of either exam.

A common slogan in homological algebra goes as follows:

Chain complexes are good, remembering just their homology is bad.

Chain complexes allow us to consider chain maps between them, which then
leads for instance to long exact sequences. Most maps between homology groups
are induced by chain maps, and would actually be difficult to construct directly from
just the homology groups. The passage from a chain complex to its homology loses
information.

The derived functors L;F' of a right exact functor F': A — B were defined
as individual homology groups. According to the above slogan, it is desirable to
assemble all the derived functors into a single chain complex valued derived functor
L.F. Trying to construct L,F as a functor A — Ch(B) is doomed to fail: the chain
complex describing L, F' is only well-defined up to quasi-isomorphism (in fact even
up to the more restrictive chain homotopy).

We will thus construct a category, called the derived category D(B) of the abelian
category B, whose objects are such chain complexes up to quasi-isomorphism. The
derived functors of F' will then assemble into a functor A — D(B). Under further
assumptions, we will be able to extend this to a functor between the derived cat-
egories. If I is the left adjoint of G, we can then further ask if we get a 'derived
adjunction” L,F': D(A) «+— D(B) : R*G.

There are many further motivations to study derived categories of abelian cat-
egories. Derived categories have become indispensable in modern approaches and
applications of homological algebra. We just wish to mention one further feature
that we will possibly touch upon at the end of this chapter: it can happen that a
right exact functor that is not an equivalence induces an equivalence between the
derived categories. Two abelian categories whose derived categories are equivalent
are called derived equivalent. The question when two abelian categories are derived
equivalent leads to a surprising and fascinating theory, called tilting theory.

3.1 The homotopy category K(A)

Before introducing the derived category, which considers chain complexes up to
quasi-isomorphism, we construct a category mediating between Ch(A) and D(A).
This is the homotopy category K(A), consisting roughly of chain complexes consid-
ered up to chain homotopy equivalence.

Lemma 3.1.1. Let A be an abelian category and Cy, D, € Ch(A). Then the collec-
tion of null-homotopic chain maps forms a subgroup

Homgﬁléﬂ)(C’*, D.) C Homep(a)(Cs, D.) . (32)
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Proof. Let f,, g.: C. — D, be two chain maps with null homotopies H;, H,, meaning
that dH, + Hid = f, and dHs 4+ Hyd = g.. Then f, — g. is null homotopic with null
homotopy H; — H:

d(Hl - HQ) -+ (Hl — Hg)d = dHl + Hld— dHQ - HQd == f* — Ox .

Thus Homré“hl% 4)(Cs, D) C Homeyay(Cy, Ds) is closed under addition and inverses,
and therefore an abelian subgroup. O

Definition 3.1.2. Let A be an abelian category and C,, D, € Ch(A). We define
the abelian group

Homg4)(Cs, D) = Homena)(Cs, Ds)/ Homg‘ﬁéﬂ)(c;, D) (33)
as the quotient abelian group of the inclusion (32).

Lemma 3.1.3. Let A be an abelian category.

(1) Let g.: B., — C, be a chain map in A with null homotopy H. Let f.: A. — B,
and hy: Cy, — D, be chain maps. Then the chain map h, o g, o f.: A, — D,
s null homotopic with null homotopy h, o H o f,.

(2) The composition of chain maps Homena(By, Cy) x Homepa)y(A)(Cy, Dy) —
Homena) (Bs, D) induces a bilinear map

HomK(A)(B*, C*) X HOHlK(A)(C*, D*) — HOH’IK(A)(B*, D*) . (34)

Proof. For part (1), we note that do (h,o H o f,) = h, odH o f, since h, is a chain
map, and similarly (h, o Ho f,)od = h, o Hdo f,. Thus

do(hy,oHo f,)+ (hioHo f,)od=h,o(dH + Hd) o f. = h,0g.o0 f.,

as desired.

For part (2), we note that if either f,: B, — C, or g.: Cix — D, is null homotopic,
then so is g. o f, by part (1). Composition in Ch(A) thus induces the map (34), and
one readily checks that it is bilinear. O]

Definition 3.1.4. Let A be an abelian category. The homotopy category K (A) of
A is defined as the category with

e objects given by chain complexes in A,

o given two chain complexes C,, D, € K(A), the set of morphisms in K(A)
given by the set (33),

 and the composition map given by the map (34).

We note that the associativity of the composition in K(A) is induced by the
associativity of the composition in Ch(A).
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Lemma 3.1.5. Let A be an abelian category. The homotopy category K(A) is
additive and the apparent functor Ch(A) — K(A) is an additive functor.

Proof. 1t follows from Definition 3.1.2 and Lemma 3.1.3 that K(A) is Ab-enriched.
We next show that K(A) admits coproducts. Let A,,C,, D, € K(A) and denote
by C. & D, the direct sum in Ch(A). The inclusion morphisms C,, D, — C, & D,
induce a diagram of abelian groups

Homrcufll%A)(C* ® D,,A) —— HomgﬂA)(C’*, A,) X Homrcl‘ﬂ%A)(D*, A,)

| |

Homcy(4)(Cy @ Dy, Ay) —— Homena)(Cy, Ai) X Homep(ay(Ds, A)

l l

HOIHK(A)(C* ) l)*7 A*) E— HOIIIK(A)(C*, A*) X HOIIlK(A)(D*, A*)

where the middle horizontal morphism is an equivalence by the universal property of
the coproduct in Ch(A). That the top horizontal morphism is an equivalence follows
from the observation that a chain map (fs, g«): Cix ® D, — A, is null homotopic if
and only if f, and g. are both null homotopic. By the 5-Lemma, or alternatively
by the universal properties of the pushouts, it follows that the bottom morphism is
an isomorphism. The unique existence of morphisms in the definition of coproduct
amounts exactly to the bottom horizontal morphism in the above diagram being a
bijection. We have thus shown that C, @ D, is a coproduct in K(A).

The functor Ch(A) — K(A) is given by mapping each chain complex to itself
and on Hom sets by the surjection Homena)(Cy, Ds) — Homg4)(Cs, D), which is
a group homomorphism. Thus the functor is by definition additive. ]

Lemma 3.1.6. The functor Ch(A) — K(A) maps chain homotopy equivalences to
isomorphisms in K(A).

Proof. 1f f, is a chain homotopy equivalence, then there exists g.: D, — C,, such
that g, o f, is chain homotopic to id¢, and f, o g. is chain homotopic to idp,. Thus
g« o fu = ide, and f, 0 g, = idp, in K(A). O

Theorem 3.1.7 (The universal property of K(A)). Let F': Ch(A) — C be a functor
that maps chain homotopy equivalences to isomorphisms. Then F factors uniquely

through Ch(A) — K(A):

Proof. We show in Lemma 3.1.8 that if F' maps chain homotopy equivalences to
isomorphisms, then F'(f,) = 0 for any null homotopic chain map f,. It then follows
that F': Homcp(Cs, Di) — Home(F(C.), F'(D,)) factors uniquely through the
quotient Homenay(Cy, D) = Homgay(Cy, D), showing the assertion. O
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Recall the construction of the mapping cylinder cyl(f,) of a chain map f.: C, —
D,: We have cyl(f.), = D, ® C,,—1 & C,, and

d7lz) _fn—l 0
0 ide, , d<

As shown on Sheet 6, exercise 4, the apparent inclusion
a.: Dy — cyl(fs), x—(x,0,0)
is a chain homotopy equivalence. The chain homotopy inverse of «, is given by
Be: eyl(fe) = Dy, (2,y,2) = x+ ful2).
There is a further chain map
ol Cyp — cyl(fy), 2z — (0,0, 2)
and we have 3, o o = f,.

Lemma 3.1.8. Let F': Ch(A) — € be a functor that maps chain homotopy equiv-
alences to isomorphisms. Let f., g.: C. — D, be two chain homotopic chain map.

Then F(f.) = F(g«).

Proof. We first consider the mapping cylinder cyl(ide,). We denote a., o, and f,
as above. We have o, o 8, = id¢,. Since ax, B, are chain homotopy equivalences, by
assumption, F'(ay), F'(f.) are isomorphisms. From

F(a,) 0 F(8,) = Flau o f.) = Flide,) = ids(c,
it follows that F(8,) = F(a,)™'. We thus obtain

F(al) = F(a) o F(Bs) o F(c,) = Flay) o F(B. 0 al) = F(a.) o F(ide,) = F(aw) .

*

Let H be a chain homotopy from f, to g.. There is a chain map
Ve = (fus H,9:): cyl(ide,) — D,
with v, o a, = f, and 7, o o, = g,. We thus have
F(g.) = F(y o)) = F(y) o Fal) = F(v) o Faw) = F(y 0 ou) = F(f.),
as desired. [

Lemma 3.1.9. Leti € Z. The homology functor H;(-): Ch(A) — A factors through
K(A).

Proof. The homology functor H;(-) maps chain homotopy equivalences to isomor-
phisms by Lemma 1.5.19. The assertion thus follows from Theorem 3.1.7. ]
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3.1.1 Cocones and chain homotopy

We discuss some results concerning the interaction between the cone construction of
a chain map and chain homotopy. A main result will be an exact sequence of Hom
groups in the homotopy category, see Lemma 3.1.14.

Recall that the cone of a chain map f,: C, — D, is given by the chain complex
cone( f,) with

o n-chains cone(f.), = D, ® C,_4

_ dy? _fn—l
(5 %),

n—1

o and differential

There are canonical chain maps
D, — cone(f.),d — (d,0)
and
cone(f.) — C.[1], (d,c) — ¢,
where C,[1] is the shifted chain complex with n-chains (C.[1]),, = C,_; and differ-

ential d°M = —dc.

Definition 3.1.10. The cocone of a chain map cocone( f,) is defined as the shifted
cone
cocone( f,) = cone(f,)[—1],

meaning that its n-chains are cocone(f,), = D,+1 ® C,, and the differential is

Note that also cocone(f,)[1] = cone(f.) and that there are canonical chain maps
D,[—1] — cocone(f.) = Ci.

Lemma 3.1.11. Suppose that f, is chain homotopic to g.. Then there exist iso-
morphisms in Ch(A)
cone( f,) =~ cone(g,)

and
cocone( fi) =~ cocone(gs) .

Proof. We only prove the isomorphisms between the cones. The isomorphisms be-
tween the cocones follows from the observation that [1]: Ch(A) — Ch(A) is an
isomorphism of categories and thus preserves and reflects isomorphisms.

Let f., g«: C. — D, be chain maps and H = (H,,)ez with H,: C,, — D,,.; with
dH + Hd = f, — g, the chain homotopy from f, to g..
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We define h,: cone(f.) — cone(g.) by
— ian Hn_l
e (M a)
and h,: cone(g,) — cone(f.) by

> (idp, —H,
o= ()

Then h, is a chain map:

QU
>
3
Il
Og%

_fn—l ian Hn—l
—d¢ 0 ide, ,

_ dr? dé)Hn—l - fn—l

-\ 0 —dy_,

— - andg — gn—1
0 —dy_,

/_\/E/\/\
S

ian,l an2 d? —On—-1
0 ide ,/\0 —d°,

In the third equality above, we used that den,l + Hn,gdg = fn_1 — gn_1 and so
dr?Hn—l - fn—l = - n—QdS —9n—1- 5

A similar computation shows that h, is a chain map.

The chain maps h, and h, are inverse: We have

B o h o ian Hn—l ian —Aiin-—1 o lan Hn—l - Hn—l o ld
" ne 0 ian_l 0 ian_l B 0 idcn_l = Heone(fu)n -

Il
>
S
L
ISH

Similarly, we have

h OiL . lan _anl lan anl . lan _anl +Hn71 —id
n n 0 ian71 0 ian,l - 0 idCTHI = lUcone(gs)n -

]

Remark 3.1.12. Lemma 3.1.11 implies that the cone or cocone of a morphism in
the homotopy category K(A) is well defined up to isomorphism.

Lemma 3.1.13. Consider a chain map f.: C, — D, and the induced chain map
gx: cocone(f,) — Ci.

(1) The chain map f, o g, is null homotopic.
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(2) Let a,.: B, — Ci and H a null homotopy of f. o a.. Then there is an induced
chain map b,: B, — cocone(f.) such that the following diagram commutes in

Ch(A):
B,
ba \ C, EELEN D,
i
cocone( fy)

Proof. For part (1), we note that the null homotopy is given by H,, = (0,idp, ): cone(fi), =
Cn,1 ) Dn — Dn

For part (2), we define b, via b, = (an, Hy,): B, = Dy11 ® C,, = cocone(f,). We
have

dob _dr?—i-l fn Hn dD dc dB dB b.od
ob. = (75 T () = (s futns dCan) = (o a0 1d) = biod.

showing that b, is a chain map. The commutativity of the diagram is immediate
from the definitions of g, and h,. O

Lemma 3.1.14. Let f.: C. — D, and g.: cocone(f,) — C. be the induced map.
For any chain complex B, € K(A) the sequence

Hom g (4)(Bx, cocone( f.)) 920, Hom g (4)(Bx, Cs) ELEON Hom g (4)(Bx, Dy)
of abelian groups is evact®.

Proof. Firstly, the composition vanishes since f, o g, is null homotopic. Given
ay: B, — C, such that f, o a, is null homotopic, we can find by Lemma 3.1.13
a chain map b,: B, — cocone(f,) such that g, o b, = a.. O

Lemma ?:.1.15. Let f.: C., — D, be a chamA map. There exists an isomorphism
e.: Oy ~ Cy in K(A) and an epimorphism p,: C, — D, in Ch(A) such that p,oe, =
f« in Ch(A), i.e. the following diagram commutes:

C = C

Proof. Let C, = cocone(D, — cone(f,)) (this is a dual version of the mapping
cylinder) with én =D, ® D1 ®C,. The chain homotopy equivalence e, is given
by the inclusion C, — C,,z — (0,0,2). The epimorphism p,: C. — D, is the
induced map from the cocone, given explicitly by (z,y,z) — x + f(2). O

4Note that the sequence is in general not short exact, i.e. cannot be extended with 0’s to the
left and right.
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Example 3.1.16. Let D, be a chain complex and consider the chain map 0: 0 —
D,. Then a replacement epimorphism of 0 is the projection from the cocone of idp,:

~

0

cocone(idp, )

N

D,

The top horizontal chain map is a chain homotopy equivalence.

3.2 Localization of categories

Definition 3.2.1. Let € be a category and W a collection of morphisms in €. The
localization of € at W is a category C[W '] together with a functor 7: € — C[W ']
such that

e 7 maps the morphisms in W to isomorphisms in D and

o for any category € and functor F': € — £ mapping W to isomorphisms in &
there exists a unique factorization through 7:

Remark 3.2.2. If the localization of a category at a collection of morphisms exists,
then the localization is unique up to isomorphism of categories. In general, local-
izations of categories do not have to exist in a given universe, see also Weibel for a
discussion.

Example 3.2.3. Theorem 3.1.7 amounts to the assertion that the homotopy cate-
gory K(A) is the localization of Ch(A) at the collection of chain homotopy equiva-
lences H:

K(A) ~ Ch(A)[H Y.

3.2.1 The calculus of fractions

Example 3.2.4. An Ab-enriched category € with a single object * amounts to a
ring R = Home(*, ). We denote € = Cg

Suppose that R is commutative. Let S C R be a multiplicatively closed subset
containing 1z. The localization of R at S is the ring S™'R whose elements are
equivalence classes of fractions s~ with s € S and r € R, where

sflrl ~ 351r2
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if there exists t € S such that
t(Sl’f‘Q - 827“1) =0.

If R is an integral domain, then the above relation simplifies to s17y = sory.
The category corresponding to S~!R is a localization of Cg:

(‘33713 ~ GR[S_l] .

To see this, consider a category D. A functor F': Cg — D amounts to a choice of
object d € D and a monoid morphism R — M := Homp(d,d). If F maps S to
isomorphisms in D, meaning invertible elements in the monoid M, we can define
the functor

Cs-1p = D,s'rs F(s) 'F(r) € M.

This functor is well defined: If t(s179—s971) = 0, then F(t)F(s1)F(re) = F(t)F(s2)F(r1).
Since F'(t) is an isomorphism, it follows that F'(s1)F(re) = F(s9)F(r1). We thus
also have F'(s;) "' F(r1) = F(so) ' F(ry) in M.

To see uniqueness, we note that F(s™')F(s) = F(s7's) = F(1g) = idg, so that
F must satisfy F(s7') = F(s)~!. Hence, F' must be given by the above assignment.

The above is a proto-typical example for the calculus of fractions for describing
localizations. To be able to describe a localization in terms of such a calculus of
fractions, we will need in general additional conditions, given as follows:

Definition 3.2.5. Let € be a category. A multiplicative systems S in € consists of
a collection of morphisms sastisfying the following:

(1) S is closed under composition and contains id, for all x € C.

(2) (Ore condition) Let g:  — y and t: z — y be morphisms in € such that ¢ lies in
S. Then there exists an object w € € and morphisms s: w — x and f: w — 2
with s € S, such that the following square commutes:

w
|
x

The dual condition, where the positions of ¢, s and g, f are swapped also holds.

f
—

g
—

Q4w

(3) Let f,g:  — y be morphisms in €. Then there exists s € S with so f =sog
if and only if there exists t € S with fot=got.

Remark 3.2.6. If R is a commutative ring and S C R a multiplicatively closed
subset containing 1g, it defines a multiplicative system in the corresponding one
object category Cgr: the ore condition follows from tg = gt by the commutativity
of R, and the cancellation property (3) follows from fs = sf = sg = gs. If R
is non-commutative, the conditions are however not automatic. Given these, we
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can define the localization S™'R as the ring consisting of fractions rs~!, subject

to the equivalence relation 757! ~ rosy! if trisy = tres; for some t € S. The
multiplication is defined by

TSyt syt =t syt

where we use the Ore condition to find t € S and r € R with "s;'ry = rt7'",
meaning rot = s;r. We show below that this composition is well defined. Similarly
to Example 3.2.4, one finds that Cg-15 ~ Cr[S™!] describes the localization of Cg.

Construction 3.2.7 (Gabriel-Zisman localization). Let € be a category with a
multiplicative system S. We describe a category S™1€:

The objects of S~C are simply the objects of C. Given z,y € €, we specify
Homg-1¢(z, y) to be the collection of all diagrams

fsl= (a: LRSS y)
in € with s € S, modulo the equivalence relation
(reste) ~ (et
Tz >y ~ T2 >y

if there exists a commutative diagram in €

with t € S.

The composite of fs~! and f/(s')~! is defined as fgt~1(s') ™! = (fg)(s't)"!, where
we used the Ore condition to find ¢t € S and g with f't = sg. We can illustrate
composition diagrammatically as follows:

U/uxw
AN N

To check that composition is well-defined, we need to verify two things:
Firstly, if we choose a different square via the ore condition (with top denotes
u'), we can get the same composition. This can be seen as follows. Applying the
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ore condition to the maps u — v < v/, we get a diagram

0

N
A

u/

lg/

w

u
d
v t/
\ /
Y

!

with £ € S. We have

s'gdg= ft'g= ftt = s'gt.
By the third condition in Definition 3.2.5, we can find a: o’ — o in S with ¢'§a = gta.
We thus find that the diagram

O/
ga
ta

U u

commutes. This exhibits the desired equivalence between the fractions f’g(st)™!
and f'g'(st')"1

Secondly, if we replace fs~! by an equivalent fraction, the resulting fraction
after composition with f/(s")~! is also equivalent. For this consider a diagram

Th statement to prove is that f/(s')"' o fs~* = f/(s')"' o fs~', but we only show
"half’ of this, namely that f'(s")""o f51 = f/(s')"' o fs~'. The missing half follows
from a similar argument. Consider the following diagram, where the top square was
chosen via the Ore condition, and hence satisfies that ¢ € S.
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N
/\
\/

This shows the equality f'(s))" o f51 = f/(s') 1o fs~'.
Finally, we remark that the composition in S~!€ is associative and the units are
given by the fractions 1,1;': z — .

\7\

The following theorem states that localizations by multiplicative systems exist
and are computed as the Gabriel-Zisman localization. In this case, the localization
is also said to admit a calculus of fractions.

Theorem 3.2.8. Let C be a category and S a multiplicative system. Then there is
a canonical functor € — S™1C exhibiting ST'€ as the localization C[S™1].

Proof. We define the functor € — S™1€ as the identity on objects and mapping each
morphism f: z — y to the faction fid . If f € S, then the diagram

T
idg
AN
e €T
f f idg
A \ / \
T Y T

shows that (id, of ") o(fid,;") = id,id,". Thus (fid;") is an isomorphism in S~'C.

Let F': € — & be a functor mapping S to isomorphisms in €. Then F' uniquely
factors through S—'C via the functor F': S™'€ — &, given by F on objects and
mapping fs~' to F(f)F(s)~'. We show that [ is well defined: applying F to a
commutative diagram

AR
\/

and using the invertibility of F'(s), F(t), F'(s'), one finds that F'(f)F(s)™' = F(f)F(s')~".

i
|
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F is further a functor, meaning it commutes with composition: given a diagram
u
g
t
v w
x Y z
we have F'(f)F(t) = F(s')F(g) and thus F(s')"'F(f) = F(g)F(t)"!, and therefore

F(f)E(S) 7 F(f)F(s)™ = F(f)F(g)F(t) " F(s)™" = F(f'g)F(st) ™.

3.2.2 Quasi-isomorphisms as a multiplicative system
The homology functors H;(-) descend to functors H;: K(A) — A, see Lemma 3.1.9.

Definition 3.2.9. A morphism [f,] in K(A) is called a quasi-isomorphism if H;([f.])
is an isomorphism for all 7 € Z. We denote by () the collection of quasi-isomorphisms
in K(A).

Theorem 3.2.10. The collection Q) of quasi-isomorphisms in K(A) defines a mul-
tiplicative system. In particular, the localization K(A)[Q™] exists and is described
by the calculus of fractions in the homotopy category.

Definition 3.2.11. Let A be an abelian category. The derived category of A is
defined as the localization

D(A) = KA)[Q™'].
The proof of Theorem 3.2.10 makes heave use of the results from Section 3.1.1.

Remark 3.2.12. The collection of quasi-isomorphisms does not define a multiplica-
tive system on the category Ch(A) of chain complexes if A # 0. Let X € A be a
non-zero object, and consider X as a chain complex concentrated in degree 0. Then
the Ore condition fails for the diagram

X
0 —— cone(idx)

where the horizontal morphisms is a quasi-isomorphism. This is because the right
vertical morphism is a monomorphism and thus any morphism C, — X whose
composite C, — cone(idy) vanishes must already vanish, and therefore cannot be a
quasi-isomorphism.

Since 0 — cone(idy) is a chain homotopy equivalence, this example equally
shows that the collection of chain homotopy equivalences also does not define a
multiplicative system on Ch(A).
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Proof of Theorem 3.2.10. The fact that H;(-) is a functor implies that quasi-isomorphisms
are closed under composition.
We next show that the Ore condition is satisfied. Consider a diagram in K(A)

D,

J/t*
where ¢, is a quasi-isomorphism. By Lemma 3.1.15, we may assume that g, is an
epimorphism in Ch(A). Let A, = B, X¢, D, be the pullback in Ch(A). Then the
sequence

A, —s B, @ D, == o

in Ch(A) is short exact by the folding Lemma 1.4.10 and the fact that Ch(A) is
abelian (kernels along epis give rise to SES). Consider the associated LES:

(—Hn(g+), Hn(t+))

Ho(C) % Hy 1 (A) — ..

Since H,(t.) is an isomorphism the map (—H,(g.), Hn(t.)) must be an epimorphism
in A. Thus its image is H,,(C,) and therefore the connecting homomorphism 0 must
vanish by exactness. We thus find that for any n € Z there is a split SES

oo Hy(A) — Ho(B)) ® Ho(D,)

0 — Hy(A,) — Hy(B.) @ H,(D,) S0 InD oy

with section (0, H,(t,)™'). Thus H,(A.) — H,(B.) is an isomorphism, meaning
that A, — B, is a quasi-isomorphism. The commutative square

A, —— D,

Lok

B. ¥ C,
thus shows that the first half of the Ore condition is satisfied. A similar argument,
replacing epimorphisms with monomorphisms, shows that the second half of the Ore
condition is also satisfied.

Let us show the cancellation property (3). Let f.,g.: B, — C, and s,: C, —
D, be a quasi-isomorphism with s, o f, = s, o g,. Consider the arising mor-
phism u,: cocone(s,) — C,. The fact that s, is a quasi-isomorphism implies that
cocone(s,) has vanishing homology. Consider the exact sequence from Lemma 3.1.14:

Homg 4)(B., cocone(s,)) o), Homga)(B., Cy) 00, Homg 4y (B, Dy) .

Since s, o (fs — g«) = 0, we can find a,: B, — cocone(s,) with u, 0 a, = f. — ..
Let b,: cocone(a,) — B, be the induced map. Then a, o b, = 0 in K(A), see
Lemma 3.1.13.(1), and thus

(f*_g*>ob*:u*oa/*ob*:07

as desired. The other direction in the cancellation property follows from a similar
argument. O
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Lemma 3.2.13. Consider two morphisms fis1", fasy*: x — y in D(A). Then we
can find equivalent fractions with a common denominator s € Q).

Proof. Using the Ore condition, we can find a commutative square

t1
Z—— 2y

b T

51
e

with t, € Q). We set s = s1ty € Q. The commutative diagram

Xz
f
Y

N
-

11

/
=
WA N ——
~
=
~
\

shows that (fit1)s™! ~ fis7'. A similar argument shows that (fots)s™ ~ fosy'. O
Proposition 3.2.14. Let A be an abelian category. Then D(A) is an additive
category and the localization functor K(A) — D(A) is additive.

Proof sketch. We first show that D(A) is Ab-enriched. Let fs™! f't=': 2 — y be
two fractions. By Lemma 3.2.13, replacing f't7! by an equivalent fraction, we may
assume that s = t. We define fs=!+ f's™! = (f + f")s~1. We leave to the reader to
show that this is a well-defined addition on Homqp)(z ,y).

With this addition, composition is bilinear. There are two cases to consider:
Firstly, let fs~!, f's7': y — z and gt~!: x — y. Choosing an Ore square

/\
/\/\”

we see that
(f'sol(gt™) + (fs™)o(gt™) = fgts) ™+ fg'(ts) ™ = (f' + fg'(ts) ™"
The second case considers fs!, f's™': 2 — y and gt7': y — 2. Composing
gt~! with fs=! and with f’s=! involves two Ore squares with possibly different

denominators. We can find common denominators as follows. Applying the Ore
condition, we find a € ) and h; with foa =1to hy:

/\
/\/\
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Applying the Ore condition again to v EAN Y & w, we find b € Q and hy with
floaob=to hy, which we rearrange to an Ore square as follows:

RN

(% w

AL A

x Y z

We can replace the Ore square involving u with the Ore square

h1b

g\

w

:

Since composition does not depend on the choice of Ore square, the two compositions
are given as follows:

o~

ab

S —

—
—
f

(gt™") o (fs71) = (ghid)(sab) ™",
(gt™") o (f's™") = (gha)(sab)™".
We thus have

(gt ) o (fs™) + (gt ) o (f's™") = (ghib+ ghs) (sab) ™" = (g(h1b+ h2)) (sab) ™" .

The following diagram commutes by bilinearity of the composition in K(A):

U
) w
T Y z
This shows that

(gt o ((f + f)s7") = g(hab+ ha)(sab) ™ =gt ) o (fs™") + (gt ") o (f's™),

as desired for bilinearity.

We leave the proof that D(A) admits products, given by the products in Ch(A),
to the reader. Thus, D(A) is additive. Inspecting the definition of the Ab-enrichment
of D(A), it is clear that the functor K(A) — D(A) is additive. O
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3.2.3 Bounded derived categories

Definition 3.2.15. Let A be an abelian category. We denote by K*(A) C K(A)
the full subcategory consisting of bounded below chain complexes. We similarly
denote by K™ (A) C K(A) the full subcategory consisting of bounded above chain
complexes. We denote by K’(A) € K(A) the full subcategory consisting of bounded
(i.e. bounded above and below) chain complexes.

The proof of Theorem 3.2.10 shows with no changes that the collection of quasi-
isomorphisms define mutliplicative systems on K™(A), K™ (A), K*(A).

Theorem 3.2.16. The collections of quasi-isomorphisms Q) define multiplicative
systems on KT(A), K™ (A),K°(A). The corresponding localizations

DHA) =K' (A)[Q'], D (A) =K (A[Q], DA)=K(AQ
thus exist and are described by the Gabriel-Zisman localizations.

Our next goal is to describe DT (A) in the case that A admits enough projectives
and D~ (A) in the case that A admits enough injectives.

Definition 3.2.17. Let A be an abelian category. We denote by Proj(A) C A
the full subcategory consisting of projective objects and by Inj(A) C A the full
subcategory consisting of injective objects.

Definition 3.2.18. The additive category K*(Proj(A)) is defines as the full sub-
category of K(A) consisting of bounded below chain complexes of projective objects.
The morphisms are thus equivalence classes of chain maps modulo chain homotopy.

The additive categories K’(Proj(A)), K~ (Inj(A)), K*(Inj(A)) are defined simi-
larly.

There is an apparent functor K+ (Proj(A)) € KT(A) — D*(A) and there are
similar functors for the bounded and negatively bounded variants.
The main result of this section is the following:

Theorem 3.2.19. Let A be an abelian category.

(i) Suppose that A has enough projecties. Then the functor
K*(Proj(A)) — DT (A) (35)
is an equivalence of categories.

(ii) Suppose that A has enough injectives. Then the functors
K™ (Inj(A)) — D™ (A)

is an equivalence of categories.
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Before we can prove Theorem 3.2.19, we need a few preparatory lemmas. The
first lemma concerns finding 'projective resolutions’ for chain complexes.

Lemma 3.2.20. Let A be an abelian category with enough projectives. Let C, €
Ch(A) be a bounded below chain complex with Cy, >~ 0 for allm < N.

(1) There exists a bounded double chain complex P, in A together with a chain
map €,: P,o — C, such that

o P, ; is projective for all 1,7,
e P.j~0 forall j <0, and P;, ~0 for alli < N,

o c,: P, — C) is a projective resolution.
(2) The chain map €, induces a quasi-isomorphism of chain complexes

tot?(P,.) — C,.

We can depict the double chain complex and chain complex as follows:

. ? Pn+1,1 ? Pn,l ? Pnfl,l A

(36)

-*>Pn+1,04>Pn,0*>Pn—l,0*>

s G e, Cpy — ...

Proof sketch. For any n choose a projective resolutions P?» — B, (C,) and PH» —
H,(C.). By the Horseshoe Lemma 2.2.5 applied to the exact sequence B,(C.) —
Zn(Cy) — H,(C,), we can find a projective resolution P; (G Zn(C.). Applying
the Horseshoe Lemma 2.2.5 again to the short exact sequence Z,(C.) — C, —
B,_1(C.) yields a projective resolution €, : P¢" — C,,. We set P, ; = P]C and define

the vertical differential as df ; = (—1)7d" " The horizontal differential is defined as
the following composite of the chain maps appearing in the construction of P%":

pErtt — pPr — pin — PO

One checks via direct computations that P, , is a double chain complex and that
the maps (e,), define a chain map P, o — C,. )
For part (2), consider the augmented double chain complex P, ., as depicted in

(36). Then each column of P, is exact. Lemma 2.2.19 shows that tot® (P, ,) is also
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exact. There is an apparent degreewise surjective chain map ]5*,* — P, . that after
totalization gives rise to a short exact sequence of chain complexes

C.[—1] = tot®(P,.,) — tot®(P,..),

see also Remark 2.2.21. Inspecting the associated LES and using that tot®(P..) is
exact, we find that tot®(P, ) ~ C. is a quasi-isomorphism. O

Lemma 3.2.21. Let f.: P, — Q. be a quasi-isomorphism between two bounded
below chain complezes of projectives. Then f, is a chain homotopy equivalence.

Proof. That f. is a quasi-isomorphism implies that cone(f.) is exact. As a bounded
below exact chain complex of projectives, the identity of cone(f.) is null homotopic
(exercise. Hint: show that any bounded below projective exact chain complex is
split exact, and conclude using Exercise 1 on Sheet 6).

We have cone(f.), = Q, ® P,_1 with differential

° —f
dz(o —dP>'

Let H be a null homotopy of ideone(s,). We write Hy,: Q, @ Pm1 — Quy1 @ P, in

components as
H, = (“ b) .
c e
dH — a° —f a b\ [d® — fc d9 — fe
N0 —dP)\ec e) T\ —dfe —dPe

~fa b\ (d° —f\ [ad® —af —0bd"”
Hd_(c e><0 —dp>_<ch —cf—edp>

Inspecting the identity dH + Hd = idcone(s.) thus yields the following:

We have

and

« Inspecting the bottom left component yields c o dg = dp o ¢, meaning that c,
is a chain map.

 Inspecting the top left component yields ad + da = idg, +fc, meaning that
— fc is homotopic to the identity.

 Inspecting the bottom right component yields ed + de = —idp, —cf, meaning
that —cf is homotopic to the identity.

We thus see that —c, is a chain homotopy inverse of f,, showing that f, is a chain
homotopy equivalence.

]
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Lemma 3.2.22. Let A be an abelian category with enough projectives. Let Py, Q. €
K*(Proj(A)) and consider a fraction in K (A)

C, ;
N
P* Q*

Then there exists g: P, — Q, such that the fraction fs~! is equivalent to the fraction
g(idp,)~t in KT(A).

Proof. Since C, € K" (A) is bounded below, we may apply Lemma 3.2.20 to C,
and obtain a bounded double chain complex P, . of projectives together with a
quasi-isomorphism

t: P, = tot®(P,,) — C,.

We note that P, is a bounded below complex of projectives, i.e. P, € K+ (Proj(A)).

Since s and t are quasi-isomorphisms, so is the composite sot. Now Lemma 3.2.21
shows that s ot is a homotopy equivalence. In particular it has an inverse in
K*(Proj(A)). The desired map is ¢ = f ot o (ts)”!. Finally, the commutative

ARy
\

2

-
—

0

ft

/

with sg € @ exhibits the desired equivalence of fractions. fs=! ~ g(idp,) . O

st

<;

Proof of Theorem 3.2.19. We only prove part (i), that is that the functor
i: K*(Proj(A)) — DT (A)

is an equivalence. The other statement follows from a dual argument.

We need to show that ¢ is fully faithful and essentially surjective.

The essential surjectivity follows from Lemma 3.2.20: using the notation from the
lemma, the coproduct totalization of the bounded projective double chain complex
P, . is a negatively bounded projective chain complex and quasi-isomorphic to Ci.

The functor being full (meaning surjective on Hom sets) amounts to the state-
ment of Lemma 3.2.22.

Next we show that the functor is faithful (meaning injective on Hom sets). Let
f,9: P. = Q. be morphisms in Kt (Proj(A)) such that the fractions f(idp,)~! and
g(idp,)~! are equivalent in DT (A). We have to show that f = g. We consider a
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diagram in K*(A) exhibiting the equivalence with C, € KT (A).

P,
5N
P, <2 C, Q.
id th /
P,
Commutativity shows t = t; = t3. In particular we have f ot = got. By

Lemma 3.2.20 we can choose a complex P, € K*(Proj(A)) and a quasi-isomorphism
s: P, — C,. Now t o s is a homotopy equivalence by Lemma 3.2.21 and hence an
isomorphism in K+ (Proj(A)). Together with fotos = gotos thisshows f =g
completing the proof. O

Example 3.2.23. Let k be a field. We describe the negatively bounded derived
category of the abelian category Vecty. Since every object of Vecty is projective, we
have

Dt (Vecty,) ~ KT (Proj(Vecty)) = K*(Vecty) .

The negatively bounded derived category thus coincides with the negatively bounded
homotopy category. One can also generalize this equivalence to the unbounded vari-
ants by a more direct argument, showing that every quasi-isomorphism in Ch(Vecty,)
is a chain homotopy equivalence.

We denote by Chy(Vecty) C Ch(Vecty) the full subcategory of chain complexes
with vanishing differential. We claim that the functor

Chg(Vecty) € Ch(Vecty) — K(Proj(Vecty)) ~ D(Vecty)

is an equivalence of categories. For this, we first note that every chain complex
in Vect;, is quasi-isomorphic to its homology, considered as a chain complex with
vanishing differential. The functor is thus essentially surjective. We next show that
the functor Chy(Vecty) — K(Proj(Vecty)) is fully faithful. Let f.: C, — D, be a
chain map where C,, D, have vanishing differential. If f, is null homotopic, there
exists H = (H,: C,, = Dy,41) with dH + Hd = f.. But since d = 0, this implies
f« = 0. Thus, only the trivial maps in Chy(Vecty) are null homotopic, showing the
fully faithfulness.

The above considerations also apply to the derived category of any semi-simple
abelian category, meaning an abelian category where every short exact sequence
splits (and thus every object is projective).

3.3 Derived functors I1

When deriving a left exact functor F', we have previously been considering a collec-
tion of individual derived functors L;F' defined on the level of abelian categories. In
the following, we discuss an upgrade of these into a single derived functor between
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the derived categories. We then consider the derived Hom between two objects in
the derived category as well as adjunctions between derived functors.

Given an additive functor F': A — B between abelian categories, it readily
extends to a functor Ch*(A) — Ch™*(B) between the categories of bounded below
chain complexes. Since F' is additive it preserves null homotopic chain maps and
thus induces a functor F': K™ (A) — K™(B). We denote the composite functor with
the inclusion K*(Proj(A)) Cc K*(A) also by F.

Definition 3.3.1. Let A, B be abelian categories and assume that A has enough
projectives®. Let F': A — B be a right exact functor. The (total) left derived
functor of F' is defined as the functor

(35)

LF: DT(A) ~ K" (Proj(A)) & K*(B) — D*(B).

Remark 3.3.2. Let F': A — B be right exact. Given a bounded below chain
complex C, in A, to compute LF(C,), one must find a bounded below chain complex
of projectives P, that is quasi-isomorphic to C,. Then LF(C,) = F(P,) € D*(B).

As explained in Lemma 3.2.20, the chain complex of projectives P, can be ob-
tained as the totalization of a double complex composed of projectives resolutions
of each degree, which are in turn obtained by combining projective resolutions of
the boundaries and cycles of C, via the Horseshoe Lemma.

Example 3.3.3. Let F': A — B be an exact functor. The induced functor F': K™(A) —
K" (B) maps quasi-isomorphisms to quasi-isomorphisms®. Thus, by the universal
property of the localization D*(A) = K*(A)[QY], F induces a functor

F: DHA) — D (B).

If A has enough projectives, there exists a natural isomorphism F' ~ ILF'. On the
level of objects, this can be seen as follows. On objects, the composite of LF with
K*(A) — D*(A) is given by taking a bounded below chain complex C, and applying
F to a chain complex P, of projectives with a quasi-isomorphism P, — C,. But since
F' is exact, F' preserves quasi-isomorphisms and thus LF(C,) = F(P,) ~ F(C,) is
an isomorphism in D (B).

Remark 3.3.4. Let F': A — B be a right exact functor and suppose that A has
enough projectives. We say that F' is of finite homological dimension if there exists
N > 0, such that L;FF ~ 0 for all + > N. In this case, the total derived functor ILF
restricts to a functor

LF: D°(A) — D(B)
between the bounded derived categories. Note that DP(B) C D*(B) is the full sub-

category generated by objects whose homology is bounded above (and automatically
below).

5For this definition, it suffices to assume that F is additive
6This follows from the observation that for a chain complex C, in A and F exact, we have
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3.3.1 The derived Hom

The next goal is to construct a DT (Ab)-valued version of Hom between two objects in
DF(A). For this, we first consider the Ch™ (Ab)-valued version of the Hom between
two bounded chain complexes.

Definition 3.3.5. Let A be an abelian category and C,, D, bounded below chain
complexes in A.

(1) The double chain complex ﬁ(;El(C*, D,) is defined as’
ﬁ;l’?l(c*, D*)17] == HOHIA(C_i, D])

d!; = (-) od: Hom(C_;, D;) — Hom(C__1y, D;)

and
dy; = (=1)"**"do (-): Hom(C_;, D;) = Hom(C_;, D; ).

(2) We define Hom,(C,, D.) € Ch"(Ab) as the total chain complex

Hom, (Cy, D,) = tot ITISE(C*, D,).

The construction of Hom, (C, D,) extends to a functor
Hom,(-,-): Ch*(A)°® x Ch*(A) — Ch*(AD).
Lemma 3.3.6. Let C,, D, be two bounded below chain complexes in A. Then
ZoHom, (C,, D,) ~ HomCh+(A)(C*, D,)

and
HoHom, (Cy, D,) ~ HomK+(A)(C*, D,).

Proof. A 0-cycle amounts to a collection of morphisms
f* = (fz Oz — Dz)z & @HomA(C’i, DI> = Homg(C*, D*)
inZ

satisfying that 0 = df., meaning that 0 = f;od+ (—1)°™"'do f;,4, i.e. f, is a chain
map.

A 1-chain is an element H € @, ,;_; Homy(C_;, D;) = @; Homy(Cy, Diy1), and
its differential is dH + Hd. O]

Lemma 3.3.7. The functor Hom,(-,-): Ch*(A)°P x Ch"(A) — Ch™(Ab) descends
to a functor
Hom,(-,-): KT(A)® x KT(A) — K" (Ab).

Proof. Exercise. O

"A similar definition also appears in the proof of Theorem 2.2.20.
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Definition 3.3.8. Suppose that A has enough projectives. We define the functor
RHom(-,-): DT(A)® x D*(A) — DT (Ab)
as the composite

(3.2.19

D (AP x D (A) R K (Proj(4))°P x K+ (Proj(A)) € KX (AP x KY(A)
Hom-7), g+ (Ab) — D+ (Ab) .
Lemma 3.3.9. Let P, € K" (Proj(A)). Then
Hom, (P,,-): K (A) — K*(Ab)
maps quasi-isomorphisms to quasi-isomorphisms.
Proof sketch. Let f,: Cy, — D, be a quasi-isomorphism. One can show that
cone Hom, (P, f,) ~ Hom, (P, cone(f,)) .

Note that cone( f,) is an exact chain complex if and only if f, is a quasi-isomorphism.
It thus suffices to show that Hom, (P, -) preserves exact chain complexes. Let A,
be an exact chain complex. Using Lemma 3.3.6, we have

H,, Hom, (P, A.) ~ Ho Hom, (P, Au[-n]) =~ Homy+ 4) (P, Au[-7]) .

Using that P, is projective and A.[—n] exact, one can show that any chain map
P, — A.[—n] is null homotopic (exercise). O

Remark 3.3.10. Lemma 3.3.9 implies that given P, a projective bounded below
chain complex in A and ). any bounded below chain complex in A, we have

RHom(P,,Q.) ~ Hom,(P,,Q,) € DT (Ab),
meaning that it is not necessary to use a projective resolution of Q).
Proposition 3.3.11. Suppose that A has enough projectives.
(1) For C,,D, € D*(A), we have HyRHom(C, D.) ~ Homp+ ) (Cs, D,).

(2) Let A, B € A, and consider them as chain complexes concentrated in degree 0.
Then

H_, RHom(A, B) ~ Ext’; (A, B).

(3) Let A, B € A, and consider them as chain complexes concentrated in degree 0.
Then

Ext) (A, B) ~ Homp+4)(4, Bln]) .
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Proof. Part (1) follows from Lemma 3.3.6 and Theorem 3.2.19.
For part (2), let P, — A be a projective resolution of A. Then

H_,RHom(A, B) ~ H_, Hom,(P., B) ~ H" Homy(P,, B) = Ext(4, B),

where we pass in the second equivalence from chain complexes and homology to
cochain complexes and cohomology.

Part (3) follows from combining parts (1) and (2), using that H_,, RHom(A, B) ~
HoRHom(A, B)[n| ~ HyRHom(A, B[n]). O

Corollary 3.3.12. Suppose that A has enough projectives. Then the functor A —
D (A), given by considering each object in A as a chain complex concentrated in
degree 0, is fully faithful.

We note that the above corollary is also true if A does not have enough projec-
tives, as can be shown using the calculus of fractions.

3.3.2 Derived adjunctions

Theorem 3.3.13. Let A be an abelian category with enough projectives and B
an abelian category with enough injectives. Let F': A <> B :G be an adjunction
and suppose that F,G are of finite homological dimensions. Then the total derived
functors assemble into an adjuntion

LF: D*(A) +— D°(B) :RG.
Furthermore, there exists an isomorphism in D’(Ab)
RHom(LF(C,), D,) ~ RHom(C,,RG(D.))
natural in C, € D*(A)°? and D, € D°(B).

Proof of Theorem 3.3.13. We first note that the assumptions on A, B and F, G guar-
antee that the derived functors LF" and RG exist.

Let C, € DYA) and D, € D°(B). The assumptions guarantee there exists
an isomorphism C, ~ P, in DT(A) with P, a bounded below chain complex of
projectives satisfying that F'(P,) € DYB). Similarly, we have D, ~ I, in D~ (B)
with I, a bounded above chain complex of injectives satisfying that G(I,) € D*(A).
For n € Z consider the natural isomorphism

®: Hom,(F(P,), L), = € Hom(F(P-;),l;) ~ € Hom(P_;,G(I;)) ~ Hom,(P,, G(L)), .

it+j=n it+j=n

This isomorphism is compatible with the differentials on both sides: for f: F(P_;) —
I;, we have

(d" o f) = B(f 0 F(d) = B(f) o d = d" 0 &)

and

®(d” o f) = ®(do f) = G(d) o ®(f) = d" o &(f)
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by the naturality of ®, see Remark 1.6.28, meaning that ® is compatible with both
the horizontal and the vertical differential. Thus @ is also compatible with the
differential of the totalizations.

We have thus produced a natural isomorphism in D°(Ab)

Hom,(F'(P,), I.) ~ Hom,(P,,G(I,)) .

Using that LF(C,) ~ F(P,) and RG(D,) ~ G(I,), we obtain by Remark 3.3.10
that
RHom(LF(C.), D,) ~ RHom(F(P,), D,) ~ Hom,(F(P,), L)

and
RHom(C,,RG(D,)) ~ RHom(C,, G(I)) ~ Hom,(P., G(I,)) .

We thus obtain the desired isomorphism (which can be checked to be natural)
RHom(LF(C,), D,) ~ RHom(C,,RG(D,)) .
Passing to Hy, we obtain the other desired natural isomorphism in Ab
Hompp g, (LF(Cy), Di) ~ Homge(a,)(Ci, RG(D5)) .
O

Example 3.3.14 (The derived tensor-Hom adjunction). Let R be a commutative
ring and M € LModg an R-module admitting a finite projective resolution. Then

RHom(A ®% M, B) ~ RHom(A, R Homg(M, B)) € D°(Ab)
for all A, B € D*(LModp).

Example 3.3.15. Let k be a field. Consider the adjunction

coker: LMody, =~ Rep,(42)™ +— LMod}%, ~ Rep,,(A42)™ :ker

where coker(V; ER Vo) = (Vo — coker(f2)) and ker(V; ERN Vs) = (ker(f) — V1).

This gives rise to a derived adjunction
L coker: D’(LModyy,) +— D°(LMody,,) :Rker . (37)

Recall that the projective Ap-representations are given by P, = (kK — k) and
P, = (0 — k) (P, is generated by paths beginning in i), and the injective Ag-
representations are given by I = (k — 0) and I = (kK — k) (I; is generated by
paths ending in 7).
We have
coker(P) = I, coker(Py) = I,

and

ker(l;) = P, ker(ly) = P,.
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Thus, kernel and cokernel define inverse isomorphisms of additive categories:
Proj(LMod}y,) ~ Inj(LModj},) .
Passing to chain complexes modulo homotopy, we obtain that
coker: Kb(Proj(LModZib)) ~ Kb(Inj(LModfib)) ‘ker .

The above functor describe L coker and R ker when composed with the equivalences
with D¥(LMod;y, ). It follows that the derived adjunction (37) is an adjoint equiv-
alence.

As we discuss next, we can also understand the functor coker as the tensor
functor with a kAs-kAs-bimodule.

The abelian group of endomorphism Homyod, 4, ([1® 15, [1®15) can be equipped
with the structure of a k-algebra, where multiplication is the composition of endo-
morphisms. This algebra is denoted End(/; & I5) and called the endomorphism alge-
bra. We have that End(I; & I,) ~ kA,: this follows from LModly, ~ (LMod}y,)°
and the observation that End(P; @ P;) ~ kA, is the path algebra.

Let us denote T'= I & I, and B = End(T") ~ kA;. We can consider T" as a B-
kAs-bimodule, where the right action of kAs ~ (kA5)° on T is the given action on
I, @ I, and the left action of B on T is by the map End(T) x T — T, (¢,t) — ¢(t).
We thus obtain a functor

(-) ®ka, T: LModga, — LModp ~ LModg, ,

which one can show to be naturally isomorphic to coker®. As a sanity check, we
observe that the functors agree on P, & P, = kAs:

coker(Py @ Py) =11 @ Iy ~ kAy Qpa, (I1 B 1) ~ (P, @ Py) Qpa, T

It follows that
L coker =~ (-) ®; 4, T

We next describe a Theorem due to Happel, generalizing the above example,
which characterizes when tensoring with a bimodule gives rise to a derived equiva-
lence.

We call a left module T over a k-algebra A finitely generated if there exists a
finite subset T C T, such that span,(T) = {z € T|z = X, a; - t; with a; € A t; €
T for all i} is equal to 7.

Theorem 3.3.16 (Happel '87). Let k be a field and A a finite dimensional k-algebra.
Let T' be a finitely generated right A-module and B = End(T) its endomorphism
k-algebra. Then the B-A-bimodule T induces an equivalence of bounded derived

categories
(-) @% T: D(LMod ) — D(LModp)

if and only if the following hold:

8The proof of this fact would lead beyond the scope of this lecture. It can be deduced from the
Eilenberg-Watts theorem.
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o Exthyq, (T,T) =0 for all i > 0.
o T admits a finite resolution by finitely generated projective A-modules P;:
o =>0—->P,—--—>P—->F—-T—0.
o A admits a finite (co-)resolution in terms of direct factors of direct sums of T,

i.e.
0O—=A—-Ty—=T1T —- =T, —0

where T; is a direct summand of T®N for some N > 0. This ensures that * T
generates D°(LModa)

If the above conditions hold, T is called a tilting module.

Example 3.3.17. For T = I & I, € LMody4, the conditions of Happel’s theorem
apply: Since I; @ I, is injective, we have Extgyq, (1,7) =~ 0 for all i > 0.
The projective resolution of I; is

0P =0—k—>P=k—k—->0L=[k—>0—0

and the projective resolution of Iy = P, is apparent.
Finally, the resolution of P, is

0=>P=0—k—->L=k—=k—->L=[k—>0—0

and the resolution of P, = [k — k| = I, is also apparent.

3.4 Outlook: Triangulated categories and beyond

The derived category of an abelian category is typically not abelian. One should
thus ask what what kind of structure it is. The notion of a triangulated category
axiomatizes the properties of the derived categories of abelian categories.

Definition 3.4.1 (Puppe ’62, Verdier ’63). A triangulated category category con-
sists of an additive category € together with an autoequivalence [1]: € — € and a
collection of sequences of the form

xLyv 4 zh xn,
called triangles and written (f, g, h), satisfying the following conditions:

T1) Every morphism f appears in a triangle (f, g, h). The identity idx appears in
the triangle (idx,0,0). Given a commutative diagram

Xty Sz X

RN

x Ly L Moy

with (f, g, h) a triangle, then (f’, ¢, h’) is also a triangle.
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T2) (Rotation) If (f,g,h) is a triangle, then so are (g, h, — f[1]) and (—=h[-1], f, g9),
where [—1] denotes the inverse functor of [1].

T3) Given triangles (f, g, h) and (f’, ¢’, ') and morphisms a, b such that bf = f'a,
then there exists a morphism ¢ such that the following diagram commutes:

X 1oy 4,7 X

R

x Ly Lz M X

T4) (The octahedral axiom) Given triangles

X5y L z5xn
X% z5hy 4 X[
Y5 Z 2 XS X[

there exists a triangle

such that
I=gm, k=nf h=j{li, ig=ulln, fj=mv.

One can arrange these triangles into the shape of an octahedron, hence the
name.

Example 3.4.2. The derived category D(A) of an abelian category A is trian-
gulated: the autoequivalence [1]: D(A) — D(A) is induced by the shift functor
[1]: Ch(A) — Ch(A). A sequence (f’,¢,h') is declared to be a triangle if it is
isomorphic to a sequence of the form

XLy % cone(f) & X[1].

Note that if f =idx, then cone(idx) ~ 0 in D(A), so that (idx,0,0) is a triangle.
For T2), we note that X[1] ~ cone(Y — cone(f)) (the right side is a shift of a
the mapping cylinder). Thus

Y 2 cone(f) & X[1] iUN Y[1]

is again a triangle.
T3) follows from a version of Lemma 3.1.13: we can find a dotted morphism

f

1( lj cone(f) —— X[1]
s
x sy cone(f") —— X'[1]
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from any choice of null homotopy of X — Y — Y’ — cone(f’). However, this null
homotopy is not necessarily unique, and there can be different morphisms between
the cones which make the above diagram commute. For instance, the diagram

—id
X 0 X[1] —% X[1]
I
dy <
0 Y Y 0

commutes for any choice of morphism h.

Example 3.4.3. The homotopy category K(A) of an abelian category A is also
triangulated.

The cone in a triangulated category is unique up to (non-unique) isomorphism:

Lemma 3.4.4. Let f: X — Y be a morphism in a triangulated category C. Then
for any two triangles

XLy z-xp

and
XLy 7z xq

there exists an isomorphism Z ~ Z'.

Proof idea. T3) guarantees the existence of a morphism between the triangles, con-
taining a morphism ¢: Z — Z’. For any object W, the functor Home(W,-): ¢ — Ab
turns triangles into long exact sequences, and we thus obtain a commutative diagram

Hom(W, X) — Hom(W,Y) — Hom(W,Z) — Hom(W, X[1]) — Hom (W, Y[1])

[ T v

Hom(W, X) — Hom(W,Y) — Hom(W, Z’') — Hom(W, X[1]) — Hom (W, Y[1])

The 5-Lemma implies that c o (-) is an isomorphism for all W, which then implies
that ¢ was an isomorphism. O]

The discussion conerning T3) in Example 3.4.2 illustrates an structural problem
with the notion of a triangulated category: the construction of the cone is not
functorial. Morally, the cone wants to be the pushout along 0, but this fails to be
true. For instance, the pushout of

k—— 0
|
0

in D(Vecty) vanishes, even though the cone of & — 0 is k[1]. If the cone was a
pushout, it would also be functorial.
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Even with its structural problems and lack of universal properties, the language
of derived categories and triangulated categories has been used with remarkable
success.

Nevertheless, it turns out that there is a way to fix the problems, by considering
enhanced triangulated categories, and that their study opens a wealth of new tools.
In short, the structural failures result from inverting all chain homotopy equiva-
lences without also keeping track of the involved chain homotopies. In an enhanced
triangulated category, we can control the appearing homotopies and this allows to
consider a refined version of the pushout, called the homotopy pushout. We will
further explore this in the next semester’s course on higher category theory.
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