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Summary: Perverse schobers are a higher categorical, algebraic, and combinatorial geometric
theory, combining ideas from Picard—Lefschetz theory, symplectic geometry, the theory of per-
verse sheaves and homotopy theory. While these notes will not focus on applications, important
applications can be found in the computation of Fukaya categories, in representation theory,
including that of cluster algebras, and in algebraic geometry.

The notion of a perverse schober was proposed by Kapranov—Schechtman in [KS14]. In
short, a perverse schober is a kind of perverse sheaf of (enhanced) triangulated categories. In
lectures 2 and 3, we will motive this concept, and the discuss current approaches for defining
them (which is rather challenging, and an open problem in general). We then focus on the case
of C and topological surfaces with boundary, for which a full definition exists.

In lectures 4 and 5, we will discuss some features of the theory of perverse schobers on
surfaces, such as the notion of global sections with support on a graph, and induction and
restriction functors between sections. We then show that any full exceptional collection arises
from, and can be studied via, a perverse schober on C.

We begin in lecture 1 with introducing some prerequisites from higher category theory, in-
cluding lax limits of stable co-categories.

Prerequisites: We will assume basic knowledge of co-category theory but recall some relevant
notions in the first lecture. We assume familiarity with the notion of a spherical functor.
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1 Lecture 1: Lax higher category theory

1.1 Stable co-categories and lax limits

The theory of co-categories can be developed using quasi-categories, meaning simplicial sets ad-
mitting inner horn fillers. Quasi-categories were studied by Joyal and Lurie, see [Lur09,Lurl7],
as well as [Lur, Cis19] for more recent accounts.

We will assume prior exposure to the theory of co-category, but recall some of the relevant no-
tions in this lecture. Given an oo-category € and two objects X,Y € €, we write Home(X,Y") for
the space of morphisms from X to Y in €. Given an oco-category €, its homotopy category Ho € is
the 1-category with the same objects and Hom sets defined as Homp, (X, Y) = mo Home(X, Y).
We will shortly introduce stable co-categories. The homotopy 1-categories of stable co-categories
inherit a triangulated structure and virtually all triangulated categories of interest admit such
an oo-categorical enhancement.

Stable co-categories

Recall that an object X in an co-category € is called initial if Home(X,Y) ~ * for all Y € C.
A terminal object is an initial object in C°P. A zero object 0 € € is an object that is both initial
and terminal. An co-category is called pointed if it admits a zero object.

Recall further that a fiber sequence in a pointed oo-category in C refers to a pullback square

of the form
X —Y

Ly

In this case, we call X the fiber of f and write X = fib(f).

Note that as usual in co-categories, a square as above only commutes up to homotopy and
this homtopy from X — Y — Z to X — 0 — Z is part of the data contained in the square.
In the homotopy category Ho C, the square becomes strictly commutative. The square being
pullback means that the space of morphisms to X is equivalent to the space of cones over the
diagram [Lur, Tag 02VZ].

Dually, a cofiber sequence in a pointed oco-category refers to a pushout square of the form

x -1,y
|
0—— 7
In this case, we call Z the cofiber of f and write Z = cof(f).
Definition 1.1. An oco-category C is called stable if
o it admits a zero object 0 € C,
e every morphism f: x — y in € admits a fiber and a cofiber,

e any square in € of the form
—

L

is a fiber sequence if and only if it is a cofiber sequence.
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Theorem 1.2 ([Lurl7, Thm. 1.1.2.14]). If C is stable, its homotopy category Ho C inherits the
structure of a triangulated category.
A sequence X —Y — Z — X[1] in HoC forms a distinguished triangle if there are pullback
and pushout squares in C as follows:

X Y 0
o] o]
0 Z X[1]

A functor between stable oo-categories is called exact if it preserves fiber and cofiber se-
quences.

The theory of stable co-categories resolves several structural issues with the theory of trian-
gulated categories. For instance, the cone, i.e. cofiber, is functorial. Further, given two stable
oo-categories C, D, there is a stable oo-category Fun®(C, D) of exact functors.

A further reason to consider stable oo-categories over triangulated categories is that the
collection of all stable oco-categories itself form a well behaved oco-category. We denote by St
this oo-category of (small) stable co-categories and exact functors. We can consider limits and
colimits in the oo-category St, which allows in various ways to construct new stable co-categories
from given ones.

Lax limits

The oo-category St of stable oco-categories admits a natural (oo, 2)-categorical structure,
we denote this (0o, 2)-category by St. This means that its Hom spaces can be upgraded to
oo-categories (namely the functor categories). Let Z be a (small) oo-category and fix a func-
tor F': Z — St, meaning a homotopy commutative diagram of stable oco-categories and exact
functors. Then F' admits a limit and colimit. There is a further notion of a lax limit of the
diagram Z in St. A lax cone over F' consists, roughly speaking, of a stable co-category € and a
collection of exact functors p,: € — F(z) for all z € Z, together with a natural transformation

C
lax cone: 17/\19?
!
F(z) (o) F(2)

for each morphism «: 2 — 2’ in Z. Note that the natural transformation is not required to
be a natural equivalence. The laz limit im'®(F) € St of F is the universal stable co-category
equipped with a lax cone over F', meaning that the oco-category of functors € — limlax(F ) is
equivalent to the oo-category of lax cones over F' with tip C.

There are similar notions of oplaz limit, lax colimit and oplaz colimit of a functor F': Z — St.
The oplax limit is equipped with a universal oplax cone, meaning roughly a cone as follows:

P
oplax cone: I%/\j

F(z) R F(7)

Lax and oplax colimit cocones are in turn of the following form:

F(a)

F(z) ——— F(2) F(z) ——— F(&)
lax cocone: \/7 / oplax cocone: \/ /
i iy i iy
e C



Due to space and time constraints, we can only give indications of the (o0, 2)-categorical
notions. For the interested reader, we remark that a lax cone can be defined as a lax natural
transformation from the constant diagram, see for instance [AHM26, Not. 2.1.9].

Example 1.3. Consider the poset category [2] = {1 — 2}. We note for the simplicially-minded
reader that that [2] ~ Al
A functor F': [2] — St amounts to an exact functor

F=F(1—2):¢=D(1)—D:=D(2)

between stable co-categories (note the abusive notation). The limit of F' is given by € and the
colimit of F' is given by D. Let us describe the lax limit of D.

The forgetful functor St — Cat,, preserves lax limits. Objects of im'®*(F) can be identified
with functors * — lim'®(F), which by the universal property of the lax limit cone in Caty

amount to lax cones:
*
//7\

GTQ

Such a lax cones amounts to choosing two objects X € €, Y € D and a morphism n: F(X) - Y
in D. We thus write elements of lim'®(D) as triples

(X,Y,n: F(X) = Y) € lim™(F).
The functors in the lax limit cone

lim"** (F)

Gy/?&D

are given on objects by
b1 (Xa }/a 77) =X

P2 (X) Y> 77) =Y
and the natural transformation F' o p; — py evaluates at (X,Y,n) to 7.
The functors pi, po admit adjoints o1 4 p; 4 q1 and mo 4 02 4 p2, whose action on objects is

as follows:

or: € = Im™(F), X — (X,F(X),idp))

q1: € = lim™(F), X — (X,0,0)

my: Iim'™(F) - D, (X,Y,n) — cof(n)
02: D — lim™(F), Y — (0,Y,0).

These functors assemble into a recollement:

mo 01
S ... lax S
D Zo2— —p1—
o lim™*(F") n e

The gluing functor of such a recollement is defined as the composite ps o 01, but note that
p2 001 =~ F. In fact, any recollement of stable co-categories is equivalent to the lax limit of its
gluing functor, see [DKSS24, Prop. 2.2.11].



Theorem 1.4 (Lax additivity, [CDW26]). (i) Let F': [2] — St be a functor. Then
lim"™(F) ~ lim°P**(F) ~ colim™(F) ~ colim°P™*(F)

We also write
C@F €= lLm"™(F)

or the lax limit of F': C — calling it the lax sum.

for the lax limit of F: C — D, calling it the |

(ii) For a general functor F: Z — St, there is a canonical equivalence
lim!®(F) ~ colim®P**(F) .

Remark 1.5. Every dg algebra A gives rise to a stable co-category DPf(A), called the derived
oo-category of C. One can define DP™(A) as the dg-nerve of the dg category Perf(A) of compact
and fibrant-cofibrant dg A-modules, see for instance [Chr22, §2.4] for a discussion.

A perfect dg bimodule M € dgMod#4 gives rise to a functor (-) ®igM: pref(A) - Drerf(B),
The lax limit of (-) ®ig M is described by the gluing of A and B along the bimodule M (this is
a known dg categorical construction). Concretely, this gluing is given by the upper triangular

dg algebra
A M

whose underlying chain complex is A® M ® B, and where the multiplication is 'upper-triangular’,
see also [Chr22, Def. 2.36]. There is an equivalence of stable oo-categories

PP (A @y B) ~ lim™ (M @% (-))

see [Chr22, Prop. 2.39].

1.2 Philosophy of categorification

The term categorified homological algebra, proposed in [Dyc21], captures the idea of a theory
of homological algebra in which vector spaces or abelian groups are replaced with triangulated
categories. There are by now a number of results which can be considered as part of this
theory, though many fundamental concepts from classical homological algebra remain elusive
in the categorified setting. We summarize some of the rules for how to categorify concepts from
homological algebra in Table 1.

To decategorify, starting at a stable co-category, one can pass to its Grothendieck group
Ky. For instance, the categorification of the difference x — y of two elements of an abelian
group is given by the fiber of a morphism f: X — Y, which induces the difference in K. Some
important observations here are:

o Consider two elements x,y with categorifications X,Y. To categorify a difference z — vy,
we must ask for the data of an additional morphism X — Y. Different choices of this
morphism lead to different notions of ’difference’,i.e. fiber, of X, Y.

e The sum of two elements z+7y is a symmetric notion. Asking for an extension X — F — Y
or’ Y - E' — X, so that E,E’ are the sums of X,Y introduces a directedness to the
categorification.

This type of directedness is a recurring feature in this type of categorification. Another instance
of this is the categorification of the direct sum of abelian groups A ® B. Of course, there is the
naive categorification A x B, i.e. the product category. But more generally, we can ask for the
datum of an exact functor F': A — B and categorify A @ B by the lax sum A @7 B that is at
the same time the lax limit and oplax colimit.



Classical Categorified

abelian group A stable co-category A
element x € A object X € A
r—y€eA ﬁb(x@y)eﬂ
direct sum A & B lax bilimit A &7 B
additive 1-category lax additive (oo, 2)-category
abelian category 777
chain complex categorical chain complex

totalization of a bicomplex  directed categorical totalization

derived category 777

Table 1: The rules of categorification (and its current limits)

Example 1.6. The abelian category of perverse sheaves on (C,0) is equivalent to the abelian
category of diagrams of vector spaces and linear maps

fi®+— Vg (1)

satisfying that gf —ide and fg —idg are invertible. The vector space & is called the vanishing
cycles of the perverse sheaf and W is called the nearby cycles.

According to Table 1, we can categorify this as follows: we replace the vanishing cycles ¥ by
a stable oo-category V and the nearby cycles ® by a stable co-category N. We further replace
the linear maps f, g by exact functor F': V — N and G: N — V.

To be able to categorify the differences gf — ide and fg — idy, we ask for natural trans-
formation u: idy — GF and cu: FF'G — idy. It turns out to be a good idea to ask that these
natural transformation satisfy the triangle identities and thus exhibit and adjunction F' 4 G.

We thus categorify the diagram of vector spaces (1) via an adjunction of stable co-categories

F:V+—>N:G
satisfying that

unit

o the twist Ty = cof(idy — GF): V — V is an equivalence and

o the cotwist Ty := fib(FG counit, G): N — N is an equivalence.

We thus arrive at the notion of a spherical adjunction (F,G are also called spherical functors),
in the sense of [AL17].

2 Lectures 2&3: Perverse schobers

Introductory remarks

The word schober is german, referring to hay stacks. A perverse schober is intended to be a
perverse sheaf of stable co-categories. Their existence was proposed by Kapranov—Schechtman
[KS14].



A central issue in the study of perverse schobers is that there is currently no general theory
of perverse schobers. With the exception of specific examples of stratified spaces, the existence
of a notion of perverse schober remains conjectural. For the existing examples, there is further
no general sheaf theory for perverse schobers, allowing for operations such as pushforward or
pullback. Spaces for which notions of perverse (pre-)schobers exist include discs and surfaces
(see below), symmetric products of discs [DW25], see also [vdK25] for examples, hyperplane
arrangements [KS16b, SdB22, CDW23], and hyper toric varieties [GH25].

The reader may ask why it is so difficult to define perverse schobers. As there is no proposed
definition of the derived category of the oo-category of stable co-categories, we cannot define
perverse schobers as the heart of a t-structure on the derived category of constructible sheaves
of stable oo-categories. The next section summarizes the current approach to defining perverse
schobers.

2.1 Ad-hoc categorification and proto-schobers vs schobers

Given a stratified space X with locally closed and even dimensional strata, we denote by Perv(X)
the category of topological perverse sheaves on X (with respect to the middle perversity).

Ad-hoc categorification (after Kapranov—Schechtman):
Describe Perv(X) in terms of linear algebra data and categorify according to Table 1.

Example 2.1. A spherical adjunction is an ad-hoc categorification of a perverse sheaf on C
stratified by the origin, described in terms of its nearby and vanishing cycles.

The process of ad-hoc categorification is not straightforward:

o Firstly, for a given stratified space X, finding a description of Perv(X) in terms of linear
algebraic data is non-trivial.

o Even if one has found a description of Perv(X), identifying the correct categorification
(as one can typically conceive many different ones) is difficult.

Of course, nothing guarantees that there always exists a unique ’correct’ categorification.
One way of testing whether an ad-hoc categorification can be ’correct’ is by determining whether
a given ad-hoc categorification can be translated into an ad-hoc categorification of different
descriptions of the category Perv(X). A good ad-hoc categorification should give rise to a
collection of equivalent descriptions of perverse schobers.

Following a proposal of Timothy Logvinenko, we will call the result of a single ad-hoc
categorification of a perverse sheaf a proto-schober (Logvinenko calls them pre-schobers). In
line with the previous paragraph, a perverse schober is then the result of a collection of results,
showing that different notions of proto-schobers on a given stratified space are equivalent. This
is a loosely defined notion. We will illustrate this notion in two cases: perverse schobers on C
stratified by 0, and more generally perverse schobers on marked surfaces.

2.2 Warm-up: Perverse schobers on C via n-spiders

Definition 2.2. The n-spider Sp,, is the ribbon graph with a single n-valent vertex v and n
indicent external edges eq,...,e,.

Definition 2.3. A proto-schober on the n-spider Sp,, consists of a collection of functors between
stable co-categories
(Fi: V" = Ni)icznz

such that



(1) if n =1, the functor Fj is spherical,
(2) if n > 2 the following conditions hold for all i € Z/nZ:

The functor F; admits right adjoints F; 4 G; - H;,
the functor G is fully faithful, meaning that F; o G; ~ idy; via the counit,

a
b
c
d

the composite F; o G;: N;j — N; vanishes if j # 4,7 — 1,
and fib(F;) = fib(H;_1) as full subcategories of V™.

~— ~— ~— ~—

Exercise 1. Show that condition d) implies that F; o G;_1: N;_1 — N; is an equivalence of
oo-categories.

Remark 2.4. In the case n = 2, the notion of a proto-schober on Sp, is equivalent to the
notion of a spherical pair of [KKS14].

Remark 2.5. Passing to K, a proto-schober on the n-spider yields morphisms between abelian
groups
(fi: " «— Vi 1 Gi)icz/nz
where ®" = Ky(V") and ¥; = Ky(N;). These satisfy in the case n > 2 that
e fiog;=idy,,

o fiogi—1: ¥;—1 — ¥, is an isomorphism (by Exercise 1),

. fZOg‘YZOfOI"]#Z,Z—l

Such a collection of abelian groups and group homomorphisms (or the analog of this data over
a field) describes a perverse sheaf on C stratified at the origin, see [KS16a]. Let us fix notation
for the n-spider as follows

and let F' be the perverse sheaf on C. Then
®" = H°RTg;, (C,F) = H°fib(R[(C, F) — RT(C\ Sp,, F))

describes the derived sections with support on the n-spider (which are concentrated in degree
0). Further

U, = H'F,
is the stalk of F' at p; (concentrated in degree —1). The morphism f;: ¥ — ®; arises from the
connecting homomorphism.

Note that the conditions a)-d) in Definition 2.3 are a non-trivial way to categorify the
conditions 1)-3) above.



To describe the relation between proto-schobers on different spiders, we first define the
corresponding (0o, 2)-categories of proto-schobers. Denote by St the (0o, 2)-category of small
stable oco-categories and exact functors. We denote by Adj the free adjunction [SS86]. An
(00, 2)-functor Adj — St amounts to an adjunction between stable oo-categories. The (o0, 2)-
categorical functor category Fun(Adj, St) is called the (oo, 2)-category of adjunctions in St.
There is similarly a 2-category Adj™ such that functors Adj™ — St describe n adjunctions with
a common left side.

Definition 2.6. (1) For n > 1, we denote by Perv(Sp,,) C Fun(Adj", St) the full subcategory
consisting of n adjunctions F; - G;, such that the functors (F;);cz/nz define a proto-schober
on the n-spider.

(2) In the case n =1, we also write Sph = Perv(Sp,).

Remark 2.7. We can identify morphisms in Sph with natural transformations n: F' — F’ that
satisfy a Beck-Chevalley condition (i.e. are adjointable), meaning that the corresponding mate
is a natural equivalence. One can show that such natural transformation automatically satisfy
all iterated adjointability conditions involving the iterated adjoints of F, F’. The same is true
for Perv(Sp,,).

Theorem 2.8 ([CHQ23,ACJ]).

(i) Let
?n = (Fz v — Ni)iEZ/nZ

be a proto-schober on the n-spider. Then, for any j € Z/nZ, the collection of functors

i (R : ; '
F1 = (Fz|ﬁb(Fj)' fib(F}) — N’>ieZ/nZ\{J’}

defines a proto-schober on the (n — 1)-spider.
(it) The passage to the fiber of F defines an equivalence of (0o, 2)-categories
Perv(Sp,,) ~ Perv(Sp,,_,).

In particular, for any n > 1, the (00,2)-category Perv(Sp,,) is equivalent to the (00, 2)-
category of spherical adjunctions.

Example 2.9. Let F': V — N be a spherical functor with right adjoint G. We describe the
perverse schober on the 2-spider corresponding to F' in the sense of Theorem 2.8.

Let V2 = lim'™(F) be the lax limit of the functor [2] = {1 — 2} — St, (1 — 2) + F. We
can write elements of V2 as triples (z,y,m) with X € V, Y € N and n: F(X) — Y a morphism
in N.

The lax limit comes with a lax cone

v
P/ Y
=
v — N
where p1, p2 are given on objects as
p(X,Y,n) =X

pQ(X,Y,T]) =Y
9



and the natural transformation encodes 7. Let Fy = po: V3. — N and Fy = cof(F o p; — p2).
Explicitly, we thus have
Fy(X,Y,n) = cof(n).

The functors (Fj: \7% — N);=1,2 define a proto-schober on the 2-spider:
The functors F1, F» have right adjoints G1, Gg, given on objects by

G1:N—=V%, Y (G(Y),Y,counit: FG(Y) = Y)
Go: N = V%, Y (0,Y,0).

We have Fy o G ~ cof (FG countt, idy) which is an equivalence since F' H G is spherical. We
further have I} o Gy ~ idy. We leave the verification of the remaining conditions to the reader.
The fiber of Fy is given by the full subcategory V ~ fib(Fy) = {(X, F(X),idpx))} C VOFN
and
FI’ﬁb(Fg) ~FV—N

recovers the spherical functor F'.

Remark 2.10. Generalizing Theorem 2.9, given a proto-schober on the n-spider with under-
lying spherical functor F, its value at the vertex is equivalent to the lax limit of the diagram
[n] — St

VESE VN N
There is also an explicit recipe for the functors in the proto-schober on the n-spider. See [CH())23,
Prop. 4.7] for a description, based on results of [Chr22]. This recipe is based on the relative
Waldhausen S,e-construction [Dyc21].

Remark 2.11. Let J,, be a proto-schober on the n-spider. For any j € Z/nZ, we have an
equivalence (of objects in Perv(Sp,,_;)

y ,
i g
Fn1=F1-

It remains open whether this object-wise equivalence can be upgraded to an equivalence of
functor.

We propose the following notion of perverse schober C stratified at 0:

A perverse schober on (D, 0) consists of a compatible collection of proto-schobers on all
the possible n-spiders linearly embedded in C.

The compatibility means that if we consider an m-spider embedded in an n-spider embedded
in C, then the corresponding proto-schober on the m-spider is obtained from the corresponding
proto-schober on the n-spider by passing to the fibers corresponding to the missing edges. The
collection of linear embeddings of spiders into C forms a filtered poset category Sp(C), and
proto-schobers on the n-spider assemble into a functor

Perv(-): Sp(C)? — Cat (s 2) -

We can define Perv(C) as the limit of this functor. Importantly, since it is a filtered category,
Sp(C)°P is weakly contractible, and thus Perv(C) ~ Perv(Sp,,) for any n > 1.

A merit of having multiple equivalent descriptions of proto-schobers is that they can allow
to define sheaf operations, such as a pushforward:

10



Example 2.12. Consider the (n : 1)-branched cover z": C — C, branched at the origin. We
can embed the n-spider Sp,, in C, such that 2" (Sp,,) = Sp; C C. There is a pushforward functor

(z")«: Perv(Sp,,) — Perv(Sp;) = Sph

that assigns to each proto-schober on the n-spider (F;: V" — N;);cz/nz the spherical functor

II l%:'V” — II T@.

1E€EZ/NZ 1€EZ/nL

See [Chr22, Lem. 3.8] for a proof that the above functor is spherical.

2.3 Surfaces and constructible sheaves on graphs

Our next goal is to generalize the notion of proto-schober on an n-spider to proto-schobers
on more general graphs embedded in surfaces. After specifying the geometric setup, involving
marked surfaces, we discuss constructible sheaves on graphs.

Definition 2.13. A stratified marked surface (S, M, P) consists of a compact oriented topo-
logical surface S with non-empty boundary 0S, a finite set of marked points M C JS, and a
collection P C S° of interior points (the 0-dim stratum).

We typically just write S for the triple (S, M, P). We sometimes also call P the singularities
of S.

We will consider graphs with finite sets of vertices and edges. We do not allow 0-valent
vertices. We allow external edges, meaning edges which are incident to only a single vertex
and this only once. Each internal edge of a ribbon graph is understood to be composed of two
halfedges.

The geometric realization |G| of a graph G is the corresponding topological space, obtained
by gluing together an interval for every edge along the vertices.

Definition 2.14. We call a graph G a spanning graph of a stratified marked surface S if it is
equipped with an embedding i: |G| C S\M such that

e 1 is a homotopy equivalence,
e only the external endpoints of the external edges intersect the boundary 98,

e for each boundary component B of S containing at least one marked point ¢ induces
a bijection between the set of external edges of G intersecting B and the connected
components of B\M, and

e the 0-dim stratum P is contained in the set of the vertices of G.
We consider spanning graphs up to isotopy relative M U P.

Remark 2.15. A ribbon graph is a graph G equipped with a cyclic order on any set of the
half-edges incident to given vertex of G.

If G is a spanning graph of a marked surface S, then it inherits a canonical ribbon graph
structure via the counterclockwise order induced by the orientation of S.

As noted in Definition 2.2, the n-spider Sp,, defines a ribbon graph.

Example 2.16. (1) The 4-spider Sp, (in black) as a spanning graph of the 4-gon with a sin-
gularity at the center (in red).
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(2) The annulus (in green) with two marked points (in orange) and one singularity (in red)
together with a spanning graph (in black).

(3) A triangulation of the 4-gon with two singularities and the dual trivalent spanning graph.

Note that every spanning graph is dual to a decomposition of the marked surface into
polygons with corners at the marked points.

Definition 2.17. The exit path category Exit(G) € Caty of a graph G is defined as the nerve
of the 1-category with

e objects the vertices and edges of G and

e non-identity morphisms of the form v — e with v a vertex incident to an edge e. If e is a
loop at v, then there are two morphisms v — e in Exit(G).

Note that Exit(G) is a bipartite poset.

Example 2.18. The exit path category of the trivalent spanning graph from Example 2.16.(3)
can be depicted as follows:



The exit path category of a graph is equivalent to a special case of a more general definition,
taking as input any stratified space, see [Lurl7, Section A.6]. A sheaf on a stratified space is
called constructible if its restriction to each stratum is a locally constant sheaf.

Theorem 2.19 ([Lurl7] for € = 8, [PT22]). Let X be a sufficiently nice conically stratified
space and C a compactly generated co-category. Then there exists an equivalence of co-categories

Shv,.(X, €) ~ Fun(Exit(X), C)

between the co-category of C-valued constructible sheaves on X and the co-category of functors
from the exit path oo-category of X to C.

Specializing to X = G a graph and € = St we obtain:

A functor Exit(G) — St describes a constructible sheaf of stable co-categories on G.

Example 2.20. Denote the vertex of the n-spider Sp,, by v and the incident edges by ey, ..., ey.
A constructible sheaf valued in St on the n-spider Sp,, amounts to a functor JFs, : Exit(Sp,) —
St, amounting to the following data:

« A stable co-category V" := Fgp, (v).
7 many stable oco-categories N; := Fgp, (e;), 1 € [1,n].
« n many functors F; :== Fgp (v — e;): V" — N, i € [1,n].
A proto-schober on the n-spider in the sense of Definition 2.3 is thus a constructible sheaf on

the n-spider satisfying certain properties.

2.4 Contractions and perverse schobers on surfaces

Definition 2.21 ([Chr22, CHQ23]). Let G be a ribbon graph. A proto-schober parametrized
by G is a functor Fg: Exit(G) — St such that, for each n-valent vertex v of G, the restriction
of Fg to Exit(Sp,,) ~ Exit(G),, defines a proto-schober on Sp,, in the sense of Definition 2.3.

The above definition is summarized as follows:

A proto-schober parametrized by G is a functor Exit(G) — St subject to local conditions.

Given a stratified marked surface S for which G is a spanning graph, the above definition of
G-proto-schober is not accounting for the singularity data of S: the perverse schober needs to
be non-singular, also called locally constant, near non-singular vertices. This is defined below as
the vanishing of the categorified vanishing cycles. Note that the vanishing cycles of a perverse
sheaf on C vanish if and only if the perverse sheaf is locally constant.

Definition 2.22.
(1) A perverse schober on the 1-spider F': V — N is called non-singular if V ~ 0.

(2) Let n # 2 and F" € Perv(Spy,). We call " non-singular if its image in Perv(Sp;) = Sph
under the equivalence Perv(Sp,) ~ Sph from Theorem 2.8 is a non-singular proto-schober
on Sp;.
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(3) Let G be a ribbon graph and P a subset of the set of vertices of G. We denote by
Perv(G, P) C Perv(G) the full subcategory of perverse schobers which are non-singular
away from P.

Example 2.23. The non-singular proto-schober on the 3-spider corresponding to the spherical
functor 0: 0 — N is given, up to equivalence, by the diagram

» = ~
(F,. N @®iq, N ~ Fun([2],N) — N)ieZ/3Z

with
Fy =p1: Fun([2],N) = N, (21 >
Fy = cof: Fun([2],N) = N, (z1 = z3) — cof(n)
n
_>

F3 =py: Fun([2],N) — N, (21

1/‘2) — T

x9) — Ty .

To relate proto-schobers parametrized by different graphs, we consider contractions of edges
of graphs. We allow only the contraction of interior edges which are not loops, as such con-
tractions do not change the homotopy type of the graph. Otherwise one is lead to collapses of
subsurfaces. Such collapses are also possible, see [FL25].

So ,if G is a spanning graph of S and G’ is obtained by a contraction of edges from G, we
obtain a canonical embedding of G’ into S, exhibiting G’ as a spanning graph of S, provided
that the contraction did not contract any singularities.

Definition 2.24 (Definition sketch). Let S be a stratified marked surface with 0-dim stratum
P. We denote by Rib(S) the category with

 objects given by spanning graph G of S (containing P as vertices),

e and morphisms given by embedded contractions which do not contract any edges connect-
ing two vertices in P.

The category Rib(S) is in fact a poset category, meaning that there is (up to isotopy) at
most one way to contract a spanning graph G to a different spanning graph G’. A further deep
result is the following:

Theorem 2.25. The category Rib(S) is weakly contractible.
proto-schobers on graphs can be pushed along contractions of ribbon graphs:

Theorem 2.26 ([ACJ]). Let S be a stratified marked surface. There exists a functor
Perv(-, P): Rib(S) — Cat(2)

assigning to each spanning graph G of S the (oo, 2)-category of G-parametrized proto-schobers
which are non-singular away from P.
Further, Perv(-, P) maps contractions to equivalences of (0o, 2)-categories.

The above theorem is inspired by the construction of 2-periodic topological Fukaya categories
of Dyckerhoff-Kapranov [DK18], which is a similar construction one categorical level lower.

Example 2.27. We illustrate the action of the equivalence c,.: Perv(G) ~ Perv(G’) arising
from a contraction c: G — G’ in the case of the collapse of an edge connecting a 1-valent
singularity with a 3-valent non-singular vertex. We consider the following contraction:

14



c: 5 et Y — s
€9 €9
Then
€3
EXIt(G) = S —— €1 <« v
€2
and
€3

Exit(G) = 3 /
AN

A G-parametrized perverse schober Fg is up to equivalence given by a diagram of the form

€2

N

F
V%NTN@XN

cof

N

with F' a spherical functor. The value of the G’-parametrized perverse schober c,(Fg) at the
contracted vertex is obtained by ’passing to the pullback’

V (N@QNN) ~Veap N.
In total, c.(Fg) thus amounts to the diagram

N

y

Vop N

%n)

N

Remark 2.28. An explicit formula for pushing a proto-schober along a contraction of ribbon
graphs G — G/, generalizing Theorem 2.27, can be found in [Chr22, Lem. 4.26, Prop. 4.28]. In
short, the push is given by a right Kan extension along an induced functor Exit(G) — Exit(G’).
More explicitly, if c: G — G’ contracts a single edge e connecting two vertices vy, vs of G and
Fg is a G-parametrized proto-schober, then we obtain a G’-parametrized proto-schober c.(Fg)
by declaring c.(Fa)(v) = Fa(v1) Xgg(e) Fa(vz), where v is the vertex of G’ arising from the
contraction.
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Using Theorem 2.26, we can define perverse schobers on surfaces as follows:

Definition 2.29. Let S be a marked surface. We define the (oo, 2)-category Perv(S) of perverse
schobers on S as the colimit of the functor

Perv(-, P): Rib(S) — Cat(9) -

Remark 2.30. The fact that Rib(S) is weakly contractible implies that there exists a canonical
equivalence Perv(G, P) ~ Perv(S) for all spanning graphs G of S.

A perverse schober on a marked surface S consists of a compatible family of proto-schobers
parametrized by all possible spanning graphs G of S.

Further, a perverse schober on a marked surface is determined uniquely up to contractible
choice by a single G-parametrized proto-schober for any choice of spanning graph G.

The mapping class group of S, consisting of isotopy classes of orientation preserving homeo-
morphisms S — S preserving M and P as sets acts on the poset Rib(S). This induces an action
of the mapping class group on Perv(S) [ACJ].

Other approaches to defining perverse schobers on surfaces may be possible, see for instance
the Milnor sheaves of [DKS23].

Explicit computations describing a collection of proto-schobers on a surface that are com-
patible and thus arise from a schober on the surface appear in [Chr21, Section 7.2] and [CC26,
Lem. 2.12].

Example 2.31. Let g € Br:lr 41 be a positive braid word (i.e. we impose no braid relations). A
Demazure weave to: 3 — 3’ is a list of braid 4- and 6-moves as well as the 3-move s? — 5;. Fix
such a Demazure weave v and let m be its number of 3-moves. Then [CC26] associates with 1
a proto-schober on a linear spanning graph of the 1-gon D with m singularities.

Any two weaves t: 3 — [’ can be connected via a sequence of weave equivalences and
weave mutations. These induce different embeddings of the linear graph in D, related by Dehn
twists. Weaves 8 — (3’ so cover a subset of all possible linear spanning graphs of D and give
rise to a compatible family of proto-schobers parametrized by these.

In summary, each pair of braid words 3, 5’ leads to a uniquely defined perverse schober on
the 1-gon D.

3 Lectures 4&5: Induction and full exceptional collections

The goal of these lectures is to introduce the stable co-category of global sections of a perverse
schober on a surface and describe functors relating certain subcategories of sections called
restriction and induction. For this we will focus on perverse schobers on the 1-gon, where we
find that induction functors give rise to full exceptional collections.

3.1 Global sections

Definition 3.1. Let Fg: Exit(G) — St be a proto-schober on a ribbon graph G. The oo-
category of global sections of Fg is defined as the limit of Fg:

RI(G,J¢) = limFg € St .
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Remark 3.2. Contractions of spanning graphs induce equivalences on global sections [Chr22,
Prop. 4.28], from which follows that the passage to global sections induces a functor [ACJ]

RT'(-): Perv(S) — St .

The forgetful functor St — Cato preserves limits. Objects of RI'(G,Fg) can be identified
with functors * — RI'(G,JFg). By the universal property of the limit diagram of Fg in Cate,
functors * — RI'(G,Jg) correspond to cones over Fg with tip *. A global section Y €
RT(G,JFg) thus amounts to the following data:

o An object Y, € Fg(v) for each vertex v of G.
e An object Y. € Fg(e) for each edge e of G.
o An equivalence Fg(v — €)(Y,) ~ Y. for each morphism v — e in Exit(G).

We can consider Y, Y. as local sections at v and e, and the equivalences Fg(v — €)(Y,) ~ Ye
as compatibility data for the local sections on the overlaps of their support, so that they glue
to a global section. Via the corresponding G-parametrized proto-schober, each spanning graph
G of S leads to a different recipe for gluing together local sections to global sections on S.

Macrocosm-Microcosm principle:
When gluing stable co-categories, the respective objects glue along in the same way.

The terminology macrocosm-microcosm is due to [AMGR24], proposed in a related context
of stratified stable co-categories. The macrocosm in our setting is the (0o, 2)-category of proto-
schobers on a ribbon graph. Each proto-schober amounts to a collection of local proto-schobers
on the n-spiders contained in the ribbon graph together with gluing data. The microcosm is the
oo-category of global sections of a given proto-schober. Such global sections amount to local
sections supported on the various n-spiders contained in the ribbon graph together with gluing
data.

The above slogan thus specializes in our setting to the observation that sections of proto-
schobers glue in the same way as (0o, 2)-categories of proto-schobers.

There further a descend to the nanocosm, meaning that the derived Homs between global
sections can again be described via the gluing of local derived Homs, see also [Chr21].

Example 3.3. Consider the following spanning graph of the 4-gon:

e1
D o
G = V1 ¢ V2
€4
e3

Any non-singular perverse schober Fg with generic stalk N is equivalent to the following dia-
gram:

N N

p2
cof

Neg N 2N —— Ny

cof
p1

N N
17



The underlying spherical functor of the non-singular proto-schober Fg is 0 — N at both vertices.
Specializing to the case N = DPe(k), we have that DP (k) @i prert (k) ~ Drerf( 4,)

1 poerf(k)
is the perfect derived category of representations of the As-quiver Ao =1 — 2.

For symplectic readers, we should mention that DPef(Ay) describes the derived co-category
of the partially wrapped Fukaya category of the disc with three points as stops.

The stable co-category of global sections of Fg is equivalent to DPe™(A3), where A3 = 1 —
2 — 3, and the limit diagram equivalent to the following diagram:

Dperf (]{7) @perf (A ) Dperf(k)

\ / \ /(awasws

pperf perf (. perf
(AQ) (a1—>a2)i—>a2 @ ( ) (a2—>a3)i—>a5 @ (A2

cof
(a1 —az )>—>a1

@perf (k‘) :Dperf(/{)
where
mi2(a1r = a2 = a3) = (a1 — az)
mo3(a1 — az — az) = (ag — a3).

To give an example, the global section (k — k — 0) € DP°(A3) can be glued together from
local sections as follows:

k—k—0 0
\ / \ (a2—az)—sas
k—k k—0
(alﬁag)r—mg Eag%(lg)’—)ag cof
Aﬁaz)l—)al
k k[1]

The compatibility condition is that each value of the diagram is obtained from any value lying
above it by the functor decorating the corresponding arrow. In accordance with the microcosm-
macrocosm principle, the gluing diagram of the global section (kK — k — 0) has the same shape
as the limit diagram of Fg.

The above example is generalized by the topological Fukaya categories, which arise as the
global sections of non-singular schobers on surfaces:

Example 3.4 (Topological Fukaya categories of marked surfaces). Let S be a marked surface
with empty set of singularities, i.e. P = (). One can show that the (0o, 2)-category Perv(S)
is (non-canonically) equivalent to the (oo, 2)-category of St-valued local systems on S. Each
choice of framing of the surface S gives rise to an equivalence with (0o, 2)-category of St-local
systems, see also [Chr26] for a discussion.

Choosing an identification, the constant local system with value N € St thus gives rise to a
perverse schober Fy on S with generic stalk N (and no singularities). The oo-category of global
sections of F may be called the N-valued topological Fukaya category of S, and recovers in the
case N = DP° () the constructions of [DK18, DK 15, HKK17].

Note that DPf(k)-valued topological Fukaya categories are equivalent to derived categories
of graded gentle algebras [HKK17]. See also [Chr| for some explicit computations in topological
Fukaya categories of surfaces using schobers.
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3.2 Restriction and induction

One may consider the main point of lecture 3 that the choice of parametrizing spanning graph
of a surface is irrelevant for studying perverse schobers on a surface. However we next introduce
for each choice of ribbon graphs interesting functors, called restriction and induction, that do
depend on the choice of ribbon graph. Each choice of spanning graph thus gives us new tools
to study the same stable co-category of global sections of a schober.

Let G be a ribbon graph and Fg a (G-parametrized proto-schober. For each object x €
Exit(G) (meaning either an edge or vertex of G), denote by

evy: RI'(G,F) = F(x)

the functor appearing in the limit cone. It associates to a global section Y € RI'(G,JF) the
corresponding object Y, € F(x).

Remark 3.5. Let Fg be a perverse schober on a marked surface S and G be a spanning graph
of S. If e € Exit(G) is an external edge, then the functor

€eVe: RF(G, 97(;) — 97(;(6)

arises from a canonical functor

eve: RI(F) — F(e)

that is ’intrinsic’ to the perverse schober. Essentially, this is because contractions do not touch
external edges. If z € Exit(G) is not an external edge, then ev, is not intrinsic to the perverse
schober &, only to the proto-schober.

Proposition 3.6 ([Chr25, Lem. 4.20]). Let G be a ribbon graph and Fg a G-parametrized
proto-schober. For each x € Exit(G) the functor ev, admits left and right adjoints

indZ,ind®: F(z) — RT(G,%q).

Example 3.7 (Trivial case: induction on the n-spider). Let Fg, = (Fi: V" — N;)icz/nz be a
proto-schober on the n-spider. Then F; admits adjoints F; 4 F; 4 G;.
We have
Ve, = F: V" = RP(Spn, ?Spn) —N; = ffspn (el)

and so ind? = F; and ind} = G;.

Remark 3.8. The induction functors (under mild assumptions) satisfy a version of a Mackey
formula, stating that

ev, oindf ~ b Fao(W = P oTFg(c)oFg(v—e),
c:v—>e£>e’ev’

where F3 (¢) is the transport monodromy along a clockwise trajectory, and we can consider
Fa(v — e) as local restriction on a spider and Fg (v' — €') as a local induction, see also [Chr25,
Prop. 4.12] for details.

We next describe the induction functors more explicitly for linear spanning graphs of the
1-gon.
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3.3 Schobers on the disc and exceptional collections

Let D be a k-linear stable oo-category. We call an object S € € spherical if the functor
(-)® S: DPerf(k) — @ is a spherical functor.

Construction 3.9. We consider as input a (proper) k-linear stable co-category € and a col-
lection of m spherical objects S = S,,,,..., 5y, € C. We associate with this a proto-schober Fg
on the 1-gon with m singularities.

Let G, be the linear ribbon graph:

em €m—1 e e

Gn = DPn —— Pm-1 D2 D1

The G,,-parametrized proto-schober Fg is given as follows:

o We set Fg(e;) = C for all edges e;.
o We set Fg(pn) = DP(k).
o We set Fg(p;) = DPe (k) @:)®S¢ Cforallie[l,n—1].

Objects of DPert(k) 69(__3@)5 @ thus amount to triples (X,Y,n) with X € DPer(k), Y € €

and 7: X ® S, = Y.
o We set Fs(pn — en) = () @ Sp: DPE(k) — C.

e We set
Fs(pi — €;) = pa: @perf(k:) @:)@Si C—e

and

Fs(pi — ei) = cof: DPM (k) Bl € = €.

This is a proto-schober, compare with Example 2.9.

We fix a proper k-linear stable oco-category € and a collection of m spherical objects § =
Spis--rSp, € €. We next describe how the induction functors give rise to a full exceptional
collection

Ai,...,Ap € RI'(Gy, Fg) .

Definition 3.10. For i € [1,n — 1], we define
A; = ind} (k[-1],0,0) € RI(Gy,Fs)

and
Vi = ind[ (k[-1],0,0) € R[(Gn,Ts) .

For i = n, we define accordingly, since Fg(pn,) = Dperf(k)’
A, =ind} (k) € RT(Gy, Fs)

and
Vi :=ind}} (k) € RT(Gy,Fg).

These abstractly defined objects satisfy the following properties:

Proposition 3.11. (1) The collection Aq,...,A,, € RI'(Gy,Fs) is a full exceptional collec-
tion, meaning that
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0 i
. RHom(A;, A;) g{ b=>3
k i1=7

o and Aq,..., A, generate RI'(Gy,,Fg) under direct sums, fibers, and cofibers.

(2) The collection Vy,, ..., V1 € RI'(Gy,Fg) also defines a full exceptional collection.

(8) The two collection are dual in the sense that

P
RHom(A;, V)~ <" '~
0 else.

We spell out the objects Ay, Ag, Vi, V3 in the case m = 2. In this case, g is given by the
following diagram:

Dperf(k) Dperf(k) o e

()®Sp 2 cof
p2

C C

The exceptional objects A; = V; are given by the global section

0 ([-11,0,0)
Y(g)sm cof
% \
0 Spl

The exceptional object As is given by the following global section:

(0, Sp,,0

k
Ay = N e @)
p2
Sp2

)
cof
S, p2

-)®S
The idea for finding this global section is as follows: the left part k ()—pQ> Sy, is prescribed,

we induct from this vertex with value k. To obtain the entire global section describing the
induction, we propagate further to the right by applying the left induction in the 2-spider from
es to py.

The induction adjoints to Fg(p1 — e2) = p2 are given by the functors

pé =TJs(p1 — 62)L2 C— Dperf(k) 69(__>)®Sp1 ¢, Y+~ (0,Y,0)
cofl = Fg(p1 — ex)ft: € — DPri(k) @:)®Sp1 C, Y~ (GY),Y,coumit: FG(Y)—=Y).
This description of the left adjoint is rather straightforward, on an informal level it is apparent

that RHom((0,Y,0),(X",Y’,n')) ~ RHome(Y,Y”), since a morphism (X,Y,n) — (X', Y, %)
amounts to data as follows:

X F(X)—">vY
la lF(a) lﬁ
X/ FX) "y
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We thus glue the partial sections

and

to the global section (2).
Accordingly, we can obtain

Vo = \-)J®Sp 2 cof
p2

with
COfR(sz) = (RHom(Spl, sz)u Spys 1 RHom(Spl, sz) ® Sp, — sz) )

so that cof(n) = Ts,, (Sp,) is the spherical twist, by gluing the partial sections

k

Y‘@)sz

SPQ

and
(RHom(SpN Spg)v Spss n)

/ cof
Sp2 TSpl (SP2 )

For general surface, the induction functors are also constructed by propagating in all direc-
tions and patching together local induction functors.

Remark 3.12. The above construction shows that

eVUj (AZ) = (07 Spivo) ] <.

0 j>1
By adjunction indf - ev, it follows that
RHomRF(Gmgﬁ) (Au AJ) >~ RHomDpcrf(k)@:@)Sﬂe((k[—l], 0, 0), EVy;, (A])) (3)
k 1=
~ ¢ RHome(Sy,,Sp;,) <] (4)
0 J>i.

This in particular shows that the A; are exceptional and Hom semi-orthogonal. In the case
i < j, it shows that the derived Hom A; — A; can be computed in the generic stalk C.
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Example 3.13. The formulas (3) recover (an co-categorical version of) the construction of the
directed Aoo-category of a collection of spherical objects of Seidel [Sei08, Section I.(5n)] used
for the description of Fukaya—Seidel categories.

The input for the construction of the Fukaya—Seidel category is includes a symplectic mani-
fold X with a Lefschetz fibration 7: X — C and a choice of a collection of vanishing spheres for
the singular fibers of m. These amount to a collection of spherical objects S = {Sp,,...,Sp,.}
in the Fukaya category of the fiber of 7 and the associated stable oco-category RI'(Gy,Js)
recovers the derived oo-category of the Fukaya—Seidel category, see [Chr26]. This description
of the Fukaya—Seidel category as the global sections of a schober is an instance of the descent
properties of partially wrapped Fukaya categories of [GPS24].

Ed Segal showed that every autoequivalence T: N — N of a triangulated category N arises
as the spherical twist of a spherical adjunction V <+ N, see [Segl8].

Example 3.14. Consider the autoequivalence [n + 1]: DP(k) — DPf(k). Then Segal’s
construction yields the (enhanceable) triangulated category V generated by a single n-spherical
object S together with the corresponding spherical adjunction

RHom(-,S)*: V < DP (k) :(-)® S
The twist functor is
(-) ® cof (RHom(S, S)* — k) ~ [n+1].
~k®dk[n]

In the above example, Segal’s construction is a special case of Keller’s n-Calabi—Yau com-
pletion [Kelll] (or more precisely its Koszul dual), which takes as input a smooth dg category C'
and produces an n-Calabi—Yau dg category C from it. The n-Calabi-Yau completion comes with
a functor C' — C which maps exceptional objects to n-spherical objects. Using the co-analogue
of this dg construction, we obtain:

Proposition 3.15. Let C be a proper k-linear stable oco-category with a full exceptional collection
Aq, ..., Ay, Let C be its n-Calabi-Yau completion and S = {Sy,,...,Sp,.} the collection of n-
spherical objects given by the images of A1, ..., Ay, under € — C. Then

€ ~ RT(Gy,, Fs)

and this equivalence identifies the given full exceptional collections.

Global sections of perverse schobers on 1-gon built from spherical objects admit full excep-
tional collections. Every stable oo-category with a full exceptional collection arises this way.

Remark 3.16. Changing the ribbon graph parametrizing a proto-schober arising from a col-
lection of spherical objects induces a mutation of the corresponding exceptional collection,
see [CC26, Lem. 2.12].

A single mutation is induced by the change G,, — G/, that can be depicted as follows:

G, = P1 e Di Dit1 e Pn
G, = p1 Pi — Dit1 Pn

The braid group Br, on n strands is the mapping class group of the the 1-gon D,, with n
singular points. The mapping class group acts on the (0o, 2)-category Perv(D) [ACJ] and the
action of a simple twist s; € Br,, amounts to the above Hurwitz move (by identifying G,, with
G).
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